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PRE FACE.

The Graduate Aptitude Test in Engineering (GATE) 15 an All India Examination conducted by the
Six Indian Institutes of Technology and Indian Institute of Science, Bangalore, on behalt of the National
Coordimnating Board-GATE, Department of Education, Mimistry of Human Resources Development
(MHRED), Government of India. Admission to Postgraduate Courses, with MHRD Scholarship/
Assistantship, in Engineering/Technology/Architecture/Pharmacy at Colleges/Institutes will be open
only to those who qualify in GATE.

The following categories of candidates are eligible to appear tor GATE.

1. Bachelor's degree holders in Engineering/Technology/ Architecture/Pharmacy and those who
are In the final or Pre-final year ot such Programmes.

2. Master's degree holders in any branch of Science/Mathematics/Statistics or equivalent and
those who are 1n the final or pre-final year of such Programmes.

3. Candidates in the second or higher year ot the (Post B.5Sc.) Four-year integrated Master's
degree Programme in Engineering/Technology or in the third or higher year of the Five-year
integrated Master’s degree/Dual degree Programme in Engineering/Technology.

4. Candidate with gualification obtained through examination conducted by Professional
Societies recognised by UPSC/AICTE as equivalent to B .E/B. Tech. Those who have
completed section A or equivalent of such professional courses are also eligible.

It 15 very much hoped the subject matter will create a confidence among the candidates and the
book will help them like an 1deal teacher.

Important Dates : —
I.  Availability of GATE forms : October, Ist week.

2. Last date for submitting forms : November, Ist week.
3. Examination Date : 2nd Sunday ot February.
Result : March 3 1st.

[ am confident that the readers will find the present form of the book, best suited to their needs. As
there 1s always scope for improvement, valuable suggestions from worthy teachers and dear students
will be gratetully received.

[ would like to thank Miss Pinki Gole, who came up with the 1dea of having such a book among
our titles.

—Dr.N. K. 5ingh
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Linear Algebra : Finite Dimensional wvector spaces: Linear transformations and their matrix
representations, rank; systems of linear equations, eigen values and eigen vectors, minimal polynomial,
Cayley-Hamilton Theorem, diagonalisation, Hermitian, Skew-Hermitian and unitary matrices; Finite

dimensional inner product spaces, Gram-5chmidt orthonormalization process, self-adjomnt operators.

Complex Analysis : Analytic functions, conformal mappings, bilinear transformations; complex
integration: Cauchy's integral theorem and formula; Liouville’s theorem, maximum modulus principle;
Taylor and Laurent’s series; residue theorem and applications for evaluating real integrals.

Real Analysis : Sequences and series of functions, uniform convergence, power series, Fourler
series, functions of several variables. maxima, minima; Riemann integration, multiple integrals, line,
surface and volume integrals, theorems of Green, Stokes and Gauss: metric spaces, completeness,
Welerstrass approximation theorem, compactness; Lebesgue measure. measurable functions: Lebesgue
integral, Fatou’s lemma, dominated convergence theorem.

Ordinary Differential Equations : First order ordinary differential equations, existence and
uniqueness theorems, systems of linear first order ordinary differential equations, linear ordinary
differential equations of higher order with constant coefficients; linear second order ordinary
differential equations with variable coefficients: method of Laplace transtorms for solving ordinary
ditferential equations, series solutions; Legendre and Bessel functions and their orthogonality,

Algebra : Normal subgroups and homomorphism theorems, automorphisms:; Group actions,
Sylow’s theorems and their applications: Euchidean domains, Principle ideal domains and unigue
factorization domains. Prime 1deals and maximal 1deals in commutative rings; Fields, finite fields.

Functional Analysis : Banach spaces. Hahn-Banach extension theorem, open mapping and closed
graph theorems, principle of uniform boundedness; Hilbert spaces, orthonormal bases, Riesz
representation theorem, bounded linear operators.

Numerical Analysis : Numerical solution of algebraic and transcendental equations; bisection.
secant method, Newton-Raphson method, fixed point iteration: interpolation: error of polynomial
interpolation, Lagrange, Newton mterpolations; numerical differentiation; numerical mtegration :
Trapezoidal and Simpson rules, Gauss Legendre quadrature, method of undetermined parameters; least
square polynomial approximation; numerical solution of systems of linear equations; direct methods
(Gauss elimination, LU decomposition); iterative methods (Jacobi and Gauss-Seidel); matrix eigenvalue
problems : power method, numerical solution of ordinary differential equations : initial value problems :
Taylor series methods, Euler’s method, Runge-Kutta methods.

Partial Differential Fquations : Linear and quasilinear tirst order parnial differential equanons,
method of characteristics; second order linear equations in two variables and their classification;
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Cauchy, Dirichlet and Neumann problems; solutions of Laplace, wave and diffusion equations in two
variables; Fourier series and Fourier transform and Laplace transform methods of solutions for the
above equations.

Mechanics : Virtual work, Lagrange’s equations for holonomic systems, Hamiltonian equations.

Topology : Basic concepts of topology, product topology, connectedness, compactness,
countability and separation axioms, Urysohn’s Lemma.

Probability and Statistics : Probability space, conditional probability, Bayes theorem,
independence, random variables, joint and conditional distributions, standard probability distributions
and their properties, expectation, conditional expectation, moments; Weak and strong law of large
numbers, central limit theorem; Sampling distnibutions, UMVU estimators, maximum hkelihood
estimators, Testing of hypotheses, standard parametric tests based on normal, }:3, f, F—distributions;
Linear regression; Interval estimation.

Linear Programming : Linear programming problem and its formulation, convex sets and their
properties, graphical method, basic feasible solution, simplex method, big-M and two phase methods;
infeasible and unbounded LPP’s, alternate optima; Dual problem and duality theorems, dual simplex
method and its application in post optimality analysis; Balanced and unbalanced transportation
problems, u -v method for solving transportation problems; Hungarian method for solving assignment
problems.

Calculus of Variation and Integral Equations : Variation problems with fixed boundaries;

sufficient conditions for extremum, linear integral equations of Fredholm and Volterra type, their
iterative solutions.
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Linear Algebra

Finite Dimensional Vector Space—The
vector space V(F) 1s said to be finite dimensional
or finitely generated, if there exists a finite subset
S of V such that

V = L{§)

Note—A vector space which is not finitely
generated may be referred as an infinite
dimensional space.

Some Important Theorems

for each finite

1. There exists a basis
dimensional vector space.

2. If V(F) is a finite dimensional vector space,
then any two basis of V have the same
number of elements.

3. Every linearly independent subset of a finitely
generated vector space V(F) 1s either a basis
of V or can be extended to form a basis of V.

4. Each subspace @ of a finite dimensional
vector space V(F) of dimension » is a finite
dimensional space with dim m < n also V =@,
iff dim V = dim ®.

5. If @; and ®, are two subspaces of a finite
dimensional vector space V(F), then

dim (@ + 0,) = dim @, + dim 6,
—dim (@ M @)

6. Each setof {n + 1) or more vectors of a finite
dimensional vector space V(F) of dimension n
is linearly dependent.

7. H V(F)is a finite dimensional vector space of
dimension n, then any set of n linearly
independent vector in V forms a basis of V.

B. If a sets of n vectors of a finite dimensional
vector space V(F) of dimension n generates
V(F}, then S is a basis of V.

9. If wisa subspace of finite dimensional vector
space V(F), every linearly independent subset
of @ is finite and is part of a finite basis for .
Linear Transformation—Let U(F) and V(F)

be to vector spaces over the same field F.

Then, a function T from U into V such that
T (act + bP) = aT{ct) + bT(P),

Yo pe Uanda,be Fis called linear
transformation from U into V.

Properties of linear Transformations—Let
T be a linear Transformation from U(F) inte V{(F),
then

1. T () = 0, where 0 on the left hand side isa
zero vector of U and 0 on the right hand side is
zero vector of V.

74 Ti—o) = —Ti), voae U
3T (@t + axlla+ oo + a,ol,)
= a, T(0t)) + & T(0) + ...... + a,T(o,)
where o, ...... o, € Uanda, ...,a, € F.
Rank of a Matrix—A number r is defined as
the rank of a m x n matrix A if,

1. A has at least one minor of order r which
15 not equal to zero.

2. There is no minor of order {r + 1) which
15 not equal to zero.

The rank of the matrix A is denoted by p(A).
Note {1) : The rank of a null matrix is defined
as zero Le., p(0)=0.

If I, is a unit matrix of order n, then
itsrank I =n.ie p{l,}=n
From the definition of the rank of a
mairix, we concluded that

Note (2) :
Note (3) :

(a) If a matrix A does not possesses
any minor of order (r + 1), then
p(A) < 1.

{b) If at least one minor of order r

of the matrix is not equal to
zero, then p(A) Zr.

Ifevery (r+ 1)® order minor of A is
zero, then any higher order minor
will also be zero.

Note (4) :

Note (5) :

If A is n % n non-singular matrix,
then p{A) =n.
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System of linear equation—If b; = b, = b,
civen. = by, = 0, the set of equation is said to be
homogeneous. Thus AX =10

For such a system the rank of the matrix A
and angmented matrix [A : B] are equal. Hence a

system of homogeneous linear equations is always
consistent.

If x =0 (zero) i.e. x, = x5 ... x, = 0, then the
solution is a trival solution. Thus condition for a
trival solution of the system of linear equation is

plA) =n.
If p(A) < n, then the solution will be non-
trival.

Note—A homogeneous system of linear
equation is » unknowns whose deter-
minant of coefficient does not equal to
zero, has only the trival solution.

Eigen values and eigen vectors—If V is a
vector space over the field F and T is a linear
operator on V. An eigen value of T is a scalar ¢ in
F such that there is a non-zero vector @ € 'V with
To = Ca.

If ¢ is an eigen value of T, then

{a) Any o such that Ta = cq 15 called eigen

vector of T associated with the eigen
value ¢;

{b) The collection of all ¢ such that Tl = ctt

is called the eigen space associated with .

Eigen value of matrix A over F—If A is an
n ¥ n matrix over the field F, an eigen value of A
over F is a scalar ¢ is F such that the matrix (A —
cl) is singular (not invertible)

Eigen Polynomial—

fley = |1A-cll.

Diagonalisation—If T is a linear operator on
the finite dimensional space V. The T is diagona-
lisation if there is a basis for V each vector of
which is an eigen vector of T.

Some Important Theorems

I. If T is a linear operator on a finite
dimensional space V and ¢ is any scalar. Then
following are equivalent—
(a) ¢ is an eigen value of T
(b} The operator (T — ¢I} 1s singular (not
invertible)
(c)det(T—cl)=0

2. Similar matrices have the same eigen
polynomial.

3. If Ta = ctt and F is any polynomial, then
HT)a = Fle).

4. Suppose T is a linear operator on the finite
dimensional space V. ¢, ¢, are K-
distinct eigen values of T and @, is the space
of eigen vector associated with the eigen
value ¢;,

It M=) +0+ ...... + @y, then

dm® = dim®, + dim @, + ... + dim @,
In fact, if B; is an ordered basis for @; then
B =(B, ...... B;) is an ordered basis for .

5 If T is a linear operator on a finite
dimensional space V, and ¢; ...... ¢, are k
characteristic values of T and w;is a null
space of (T — ¢lI). Then the following are
equivalent.

{1} T is diagonalisation
(ii) The eigen polynomial for T is
F = {x—ey ... (x —cp )
with dim @ = d;
b= Lavsses
(i) dim V = dim 3 + dim @3 + ... + dim @y.
Minimal Polynomials—If T is a linear

operator on a finite dimensional vector space V

over the field F. The minimal polynomial for T is

the (unique) monic generator of the ideal of

polynomials over F which annihilate T.
Theorem—If T is a linear operator on an n

dimensional vector space V. Then eigen and

minimal polynomials for T have the same roots,
except for multiplicities.
Cayley-Hamilton theorem—If T is a linear

operator on a finite dimensional vector space V

and f'is the eigen polynomial for T, then

fiT)y =0
i.e., the mimimal polynomial divides the eigen
polynomial for T.

Hermitian Matrix—A square matrix A is
said to be a hermitian matrix if the transpose of
the conjugate matrix is equal to the matrix itself

ie. AT = A

= a; = aj

where A= [a:'j].llx.ll

MNote—In hermitian matrix, the elements on the
principal diagonal must be all real
numbers.
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Important Facts

1. If A is a hermitian matrix, then KA is also
hermitian for any real number K.

2. If A and B are hermitian matrices of same
order, then A;A + A,B also hermitian for any
real number as A, A, etc.

3. If A be any square matrix, then AA" and A"A
are also hermitian.

4. If A and B are hermitian, then AB is also
hermitian, iff AB = BA.

5. If A is a hermitian matrix, then A is also
hermitian.

6. If A and B are hermitian matrices of same
order, then AB + BA is also hermitian.

7. If A is a square matrix then A + A" is a
hermitian matrix.

B. Any square matrx can be umquely expressed
as A + iB, where, A and B are hermitian
matrices.

9. I A is any hermitian matrix, then all positive
integral powers of A are hermitian.
Skew-Hermitian Matrix—A square matrix

A is said to be skew-hermitian, its

A‘. = —A = ﬂ‘};:—ﬂj"

Note—The elements on the principal diagonal
must be purely imaginary number or
ZETO0.

Important Facts

1. If A is a skew-hermitian matrix, then KA is
also skew-hermitian for any real number K.

2. If A and B are skew-hermitian matrices of
same orders, then A, A + A,B is also skew-
hermitian for any real number as A\, efc.

3. If A and B are hermitian matrices of same
order, then AB — BA is skew-hermitian.

4. If A is any square mairix, then A — A" is a
skew-hermitian matrix.

5. Every square matnx can be umaquely
represented as the sum of a hermitian and a
skew-hermitian matrices.

6. If A is a skew-hermitian matrix, then iA is a
hermitian.

7. If A is a skew-hermitian matrix, then A is
also skew-hermitian.

Unitary Matrix—A square matrix A is said
to be unitary matrix, iff
AA" = I=A'A,

Mathematics | 5G

Important Facts

1. If A is a unitary matrix, then A' is also
unitary.

2. For any two unitary matrices A and B. AB
and BA are also unitary matrices.

3. If A is a unitary mafrix, then A~! is also
unitary.

Finite dimensional inner product spaces
Inner product—Let F be the field of real or

complex numbers and V vector space over F. An

inner product on V is a function which assigns to

each ordered pair of vectors o, p € V a scalar

(c/p) € F, defined as
For o, B, ve V, and all scalar

(a)  (a+py) = (o) +(BA)
(b} (e a/f) = c(a/P)
©) By = (@/B)
{a complex conjugate}
(d) (oot = Oif o0

Inner product spaces—An inner product
sapce is a real or complex space with a specified
mner product on that space.

Norm—If ||lcel? = (o/a), then |l is called
norm of (/o).

Euclidean space—A finite dimensional real
inner product space.

Unitary space—A complex inner product
space.

Orthogonal set—Let o« and P be vectors in
an inner product space V. Then o is orthogonal to
B if (a/B) =0

Orthogonal set—Let V be a vector space
S c V. The set S is orthogonal setif ¥ o, e S

= (a/p) = 0, a#p.

Orthonormal set—The orthogonal set 5 with
propexty

el = 1, v oie S.

Orthogonal Complement—I et V be a inner
product space and S < V. The orthogonal
complement of S is the set S+ of all vectors in V
which are orthogonal to every vector in S.

Standered inner product—On F, o = (x;
) and (0/B) = Zx;y;

when F=R,
(a/f) = Lx;yi=op

(the dot product)
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Some Important Theorems

1.

If V is an inner product space, then for any ¢,
p € V and ¢ any scalar.

Wl el = lel el

(i) ol > O for =0

(i) [{(ct/B)l = lleell 1Bl (Cauchy-Schwarz-in-
equality}

(iv) llee+ Pl < Heell + [P

An orthogonal set of non-zero vectors is
linearly independent.

If a vector P is a linear combination of an
orthogonal sequence of non-zero vectors o
...... o, then P is the particular combination

.

pi= ,_lIIuIII

Let V be an inner product space and let p; ...
P, be any independent vectors in V. then one
may construct orthogonal vectors o ...... o,
e ¥ such that each K =1, 2, n the set
[oy €y} 1s a basis for the subspace
spanned by By ...... By
Every finite dimensional inner product space
has an orthonormal basis.
Let ¥V be an inner product space, W is finite
dimensional subspace and E the orthogonal
projection of ¥V on W. Then the mapping p —
p — Ep is the orthogonal projection of V on
wl
Let W be a finite dimensional subspace of an
inner product space V and E be the
orthogonal projection of ¥ on W, then E is an
idempotent linear transformation of V onto
W, W+ is the null space of E and.

V= Wéw.
Let (& ...... f,) be an orthogonal set of non-
zero vectors in an inner product space V. If f
€ ¥V, then

(B o)

= = EX
L=Tar <P
and the equality holds iff

(P
P= Elagkr®
@ Orthogonal complement of inner product
space V is zero subspace {0} and {0} =
v
@® If 5 — V, then 51is always a subspace of
V.

Gram-Schmidt

Process

Let 8§ = {x;, xa } be a linearly
independent sequence In an inner product space.
Then there exisis an orthonormal sequence

T = (¥ ¥ )

such that span (8) = span (T}

Since S is linearly independent x; = 0 for
each K. Define

Orthonormalization

= so that || y, =1
N ||x[ I

Define 'V = x;—(x2,y1)y

Then V L vy, and V % 0, since {x, x3) 1s
linearly independent.
ﬁ is orthogonal to y; and |4/l
= 1. We now inductively define.

n—1

Hence y; =

V = x"_l.';E[ {-""m}rl(}}"l[
v
and - yn = g

It is clear from the construction that span (S)
= span (T).
Self adjoint operators

Adjoint—Let T be a linear operator on an

mner product space V. Then we say T has an

adjoint on V if there exists a linear operator T" on
V such that

(T%) — (,{% ﬁ) foralla, pe V.

Some Important Theorem

1. Let V be a finite dimensional inner product
space and f a linear functional on V. Then
there is a unique vector ff € V such that

flo) = (E—"’) forae V.

2. Let V be a finite dimensional inner product
space and let B = (o o, be an
orthonormal basis for V. Let T be a inner
operator on V and let A be the matrix of Tin

T_'I;
theordared basis B. Then AK;- =

3. Let V be a finite dimensional inner product
space, and let T be a linear operator on V. In
any orthonormal basis for V, the matrix of T*
is the conjugate transpose of the matrix of T.
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4. LetV be a finite dimensional inner product
space. If T and U are linear operators on V
and ¢ 1s a scalar.

(i) (T+U)y = T"+U*
(11) (€T) = oT)
(iii) (TU) = U'T
{iv} (T = T.
Some Solved Examples

Example 1. Find the dimension of V where V
={ag+a;x+ax?+ ax}, xe R).

Solution : S = {1, x, x%, x*} is a basis and V
has therefore, dimension.

Example 2. Standard basis of ¢" is an
orthonormal set with respect to standard inner
product.

Solution :

g = {0, ...... 1,0,0......0)

E_.
For standard mner product (a} v (EI): 0
/)

i#=i, i=1, ... n
E; .
and = 1¥i=1.... n
&
soSetS={g ...... , €,} is an orthonormal set.

Example 3. Find the dimension of the vector
space ¢(R) of the complex number over real
numbers 7

Solution : Set {i, j} ¢ forms a basis for ¢
Vali#y b i=0=a=0,b=0,a,be R

Mathematics | 7G

~ 1, i are linearly independent
Ya+becabe R={1,i}spanc(R).
Example 4. Find the condition {& +ip, a +

ib}, o, Pp,a, b € Ris a basis for vector space ¢
overR.

Solution : (ot + ip) and (a + ib) to be linearly
inde-pendent
= Bla+ib)+ 6(a+if) = 0

Ba+80 = 0

B,6+8.,0 = 0

= 8, (@p-ba)y = 0
B.(af —boy = 0

=="H'|_ :ﬂ:'ﬂ'z ﬁﬂﬁ—bﬂzﬂ

s If aPp = bat, then {¢t + if, @ + ib} is a basis.

Example 5. Let V be a finite dimensional
vector space, W,, ...... Wy be subspaces of V

such that
V=W=+... + Wy
and dim V = dim W+ ...... + dim Wy,
Prove that
V=W@e. ... & Wy
Solution :
V=W, +... Wy

= dimV =<

This inequality converts into equality if W,
...... Wy are linearly mdependent
SW=W, 0W,® ... ® Wy is the direct

OBJECTIVE TYPE QUESTIONS

1. Let V be a vector space, T 1s a linear
transform on V into V such that T =0, ¥V o
e V—
(A) T is identity transform
(B} T is zero transform
{C) T is invertible
(D} Tis orthogonal

2. Let dimension of a vector space V be dim
V = n. If any set S — V and shave m elements,
m > n, then—
(A} Sis hinearly independent
(B} S1s hinearly dependent

{C) S 1s zero subspace
{D) None of these

3. If Aisa matrix of order n, then A is invertible
itt—
{AY A=10 By A-1'=0
(C) I1Al=0 (D) |AI=0

4. Let S be an orthonormal set, ¢ € S, then—

a @ e
© (g) >0 ) (E) <1
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5.

10.

11.

B

Let S be an orthonormal set, then forow e S—
(A) llall=0 (B) llaell =0
(C) llall=1 (D) llell<1

If V is a vector space, fis a linear functional

on V, then the vector space V" is dual space

of Vif V' is—

(A} A collection of all linear functional f on
V.

(B) A collection of all vector spaces on
which fis defined

(C) Collection of all linear operators

{Iy MNone of these

Let A and B, C are two matrices of order n,

then—

(A) |ABI=|AlIBl (B) |ABI#I|AlIBI

{(Cy |AB|=|AlIBl (D) IAB|l<|AlIBI

If A is square matrx of order n, then—
(A) ladj Al A (B) ladj Al = Al
(C) |Al+1AT (D) None of these

The orthogonal complement of inner product
space V is—

(A) Zero subspace {0}

(B) V itself

(C) Any subspace

{D)y Mone of these

If {0} is a zero subspace of inner product

space V, then {0} is equal to—
(A) {0) (B) V
(S (D) None of these

The zero subspace of inner product space
consist—

(A) Zero element only

(B} Non-zero elements

{C) Idenuty

{D)} None of these

If V is an inner product space, then for o p
e V—
M

(A) = llatll 1Bl

™ &
M

\
4

(B) = flecl 1B

™|

P,

!

) 15 || =Nedl IR
P

{Dy None of these

E'\r

13.

14,

15.

16.

17.

18.

19.

If V is an inner product space, then for o, p
e V—

(A) (e + Byl = llel B

(B) (et + Byl = llel IIBII

(C) o+ Byl < llell 1B

(D)} None of these

If V is an inner product space, then for
e V—

(A) llell <0 fora =0

(B) lletll =0 foroe =0

(C) lleell =0 for 0

(D el >0 for ce=0

The Cauchy-Schwarz inequality states—

(A) ‘(g) ‘ > (el 1B

()

(C) llee+ Bll = el + 1P
{D) None of these

(B) <llell B

If V is an inner product space o, e Vande
any scalar, then—

(A) llecdl = llel lecll
(C) lleed! < llell Thecll

(B} lleatll = llell lled!
(D} None of these

For vectors o, p € V and scalar ¢, the inner

product (3) 15—

{A) Greater than zero, for o =0
(B) Equals to zero, for e =0
{C) Lessthan zero, for =0
{D} None of these

For vector o, B, ¥ € V(F), the inner product of
(ot + p/y)) is equal to—

(A) ('j‘)ﬁ ®) ay+ By
(C) (o) + (P (D) None of these

For the vectors o, p, Yy € V(F) and non zero
scalar, the inner product of (at/cf + ¥) is equal

e Q) = () ()

(C) c(e)+P (D) ¢ oy +of
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20.

21.

22,

23,

24,

25.

26.

The norm of o with respect to inner product

{ot/of) 1s—
oL
(B) llal? = (E)

@A) llol = (g)

oL 2
(C) llall = ({_1) (D} None of these
The equality in Cauchy-Schwarz inequality
(o/B) < lleell 11 Bl occurs, when—
(A) ccand p are linear independent
(B) otand p are linear dependent
(C) o and p are non zero
{D} Mone of these

An orthogonal set of non-zero vectors—
(A) Linearly independent

(B) Linearly dependent

{C) Constant

{D)y Mone of these

Let V be an inner product space and &, P €
V, then & and P are the orthogonal to each

other if—
o L
» (@0 @ (&)<
(A) B (B) B
{D} MNone of these

o (§)-

If V is a inner product space then for every
e V—

(A} Zero vector 15 orthogonal to

(B) Zero vector is not orthogonal to o

{C) Zero vector does not exist

{D} Mone of these

Let A and B are two matrix A and B are

similar matrix, then—

(A} A, B have same characteristic polynomial

(B) A,B may have different characteristic
polynomial

{C}y A, B have same value

{D} A, B have different value

Let V be a vector space and T a linear

operator on V. If W is a subspace of V, W is
invariant under T if—

(A TIW)CW
{(BY W c T(W)
(C) T(W)=W
{Dy Mane of these

28.

31.

32,

33.

Mathematics | 9G
. The vectors ¢ ...... oL, are linearly dependent
if for scalars ¢, ...... Coa €10 + &0 + ...l +
€0, = 0 1implies—
{A)Y € coennn ¢, are not zero
(B ey=a= ... =¢,=0
C) g=m=...... =c,

(D} None of these

If B and B' are two basis of vector space V,
then—

{A) B and B' have some numbers of elements

(BY B and B' have distinct number of
elements

{Cy B=B'
(D} None of these

. If V is a finite dimensional vector space, then

if W is a subspace of V, then—

{A)Y W is finite dimensional

(B} W is infinite dimensional

(C) The dimensional of W is greater than V
(D'} None of these

. If A is a matrix, then—

{AY Row rank (A) = column rank (B)

(B} Row rank (A} # column rank (B}

{C} Row rank (A) > column rank (B)

{D) None of these

If w, and w, are subspaces of V, then
following is false—

(A) w; Uw,is asubspace of V

(B) w; mw;is asubspace of V

(C) wy + wyis asubspace of V

(D) wy U w, is not a subspace ofV.

If dim W =m, dm V =n, and Wc V dim (%)

i§—
(A) m+n (BY n—m
(C) m—n {D} None of these

A linear transformation T from V onto W, is
non-singular if —

{AY Tao=0=0=10

{BY Tao=0=0a=0

{C) Tobk=ece=0=10

(D} None of these
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34.

35.

36.

37.

38

39.

40,

41.

| Mathematics

If T is a linear transformation from vector
space V mnto vector space W. Let dim V =m,
dim W = n, then rank of T is—

(A) m (B) n

(Cy m—n (DY m+n

Let 0 be a zero vector in vector space V, then
{0} is—

(A) Zero subspace of V

(B) Null space of V

(C) Identity space of V

(D} Mone of these

The dimension of the vector space is—

{A) Number of elements in vector space

{By Number of elements in basis of the
vector space

(C) Subspace of vector space

{D)} MNone of these

If w, and w, are finite dimensional subspaces
of vector space V, then—

(A) dim (w; + wy) =dim w; + dim w,

(B) dim (w, + w,) = dim w, + dim w, + dim

(W) Uwa)

(C) dim (wy + w4) = dim wy + dim wy — dim
(wy Mowy)

(D) dim (w, + w,) = dim w,; + dim w,, + dim
(wy Mwa)

Let ¥V and w be finite dimensional vector
spaces dim V = n and dim w = n, then dim
Li{V, w)is—

{AY mn {(BY m+n

(C) min (DY m—n

If V is a vector space with dim V = n, then
dimension of hyper space of V is—

(A) n {(By n—-1

(Cy n+1 (D} O

If V is a finite dimensional vector space and
let w is a subspace of V then—

(A) dmw +dimw" =dim V
(B} dimw —dim w" = dim V
(C) (dim w) (dim w') = dim V

dim w .
dim w0 ~ VY

(D)

If w, and w; are subspaces of a finite
dimensional vector space. Then wy = w; iff—

(A) w0 =w"

42,

43,

45.

47,

48,

49.

(B) wi?—w,?={0}
©) wi®=w°

{D} None of these
If w, and w, are subspaces of finite
dimensional space, then w,” = w," iff—

(A) wy=w,
(C) wycwy

(B) wy #wy

(D} wy owy

If w is the proper subspace of a vector space
v, then—

{A) dim v < dim w
{Cy dimw = dim v

{B) dim w < dim v
{D'} None of these

. I v is a vector space, then dimension of v is

equal to—

(A) Number of element of vector space v
{B} Number of element in a basis for v
{C) Number of non zero elements of v
(D} None of these

If w, and w, are two subspaces of vector
space, then—

{A) dim (w; + wy) < dim w; + dim wy
(B} dim {w; + wy) = dim w; + dim wy
(C) dim (w; + wy) = dim w; + dim wy
(D) None of these

. I w, and w, are disjoint subspaces of vector

space, then—
{A} Wl I'-'IW2=':]
(C) wy Uwy={0})

{B} Wl I'-'IW2= {ﬂ}
{D) None of these

If v is a vector space, a hyper space in vis—
{A) Maximal subset of v

(B) Maximal subspace of v

(C) Minimal subspace of v

{D) Minimal subset of v

If v is n dimensional vector space and w is m

dimensional vector space over the same field
then space L{v, w} has the dimension—

(A) m+n (B) m—n

(C) mn (D) min

If T is linear operator on v, then—

(A) T*=T.T.T. B)T*=T+T+T
(Cy T*=T2+T {D'} None of these
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50.

51

52,

53.

54.

35.

56.

57.

58.

For identity transformation I, on finite
dimensional vector space, the rank of I is—

(A) dimV (B) 0
cy 1 (D} Mone of these

Let V be finite dimensional vector space, T is
a zero transformation on V, then null space of
Tis—

(A V (B) {0}

C) & {D} MNone of these

Let V be a finite dimensional space. T is zero
transformation on V. Then range of T is—

(A) {0} (By V
C) ¢ (D) None of these

If T is a zero transformation on finite vector
space V. The rank of T is—

{A) O {B) 1

(Cy dimV {Dy None of these

If Tis a zero transformation on finite vector
space V. Then nullity of T is—

{A) dmV {B)} Zero

{Cy 1 {Dy None of these

Let T be a linear transformation on finite
vector space V. Then—

(A) Rank T < dim V

(BY Rank T=dim V

(C) Rank T > dim V

(D) Rank T = nullity (V)

Let V be a vector space and (1} an inner
product on V, then (0/p) is equal to, for all B
e V—

(A) Zero

{C} Less than zero

{B) Greater than zero
{D) None of these

Let V be a vector space, (1) an inner product
on 'V, then If (0Vp) = O forall pe V—

(A a0 (BY =0

(C) a>0 D) a<0

Let V be a vector space over F.

(a) The sum of two inner product is an inner
product.

(b) The difference of two inner product is an
1nner product.

(A} (a) and (b} both false

(B} {a} and (b} both true

(C) (a)is true, (b) is false

(D} (a)is false, (b} 1s true

6l1.

63.

Mathematics | 11G

. Let (1) an standard inner product on R?. If

(oY) =—1 and (BA) =3, given = (1,2), =
(—1, 1) the value of yis—

(A) (0, 1) (B) (0, 3)

2
(C) (ﬂ. 3)

(D) (0,0)

.HA= |:ﬂ -1 :| , then characteristic polyno-

1 0
mial for A is—
(A 2 +1 By x+1
(C) x-1 D) x2-1
31 -1
Let A =|2 2 —1|, then the characteristic
22 0
polynomial for A is—

{A) ¥ +5x2+8x+4 (B) x2+ 5x

{C) 2* —522+ Bx— 4 (D) None of these

Let T be a linear operator on a finite

dimensional space ¥V and ¢, ¢k be the

distinct characteristic values of T. Let w; be

null spaces of (T — ¢ I). If T is diagonal lizable

then—

(A) (dim w)) (dim w,) (dim ws)
wi) =dim V

(B} dimw; + dim ws+ ... + dimwyg =dim V

(C) dimw; — dimw; + ... —dim wg = dim V

{D) None of these

A linear operator E on vector space V is

projection if—

(A) Elo) =

(C) E¥(a) = E(at)

(B) EX(ct)= E(at)
{D} None of these

. The zero subspace have the dimension—

(A) One
{C) Three

{B) Twao
(D} Zero

. The vector (x, y) and (- y, x} with respect to

standard inner product are—
{A) Orthonormal {B} Continuous
(C) Orthogonal {D'} None of these

. Let V be a finite dimensional vector space. If

V" is the dual of V, then—
(A dim V =dim V*

(B} dimV >dim V"’

(C) dmV <dimV"’

(D} None of these
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67.

68,

69,

70.

71.

72,

73.
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If two vectors ¢ and P are linearly dependent
then for some scalar c—

(A) o= cp (B) u=c+p

(C) e=c—p {D} MNone of these

If {cty...... o,} is a basis of V and if {f,...
p,.} are linearly dependent in V then—

(A) m=n (Bymzn

{Cy m=n {D) None of these

Let A be am % n matrices with row rank = r=

column rank the dimension of the space of
solutions of the system of linear equations
AX=01—

(A} r (By n—r

{Cy m—r (DY minim, n)—r

A matrix M has eigen values 1 and 4 with
corresponding eigen vectors (1, — 1)T and
(2, 1)T, respectively. then M is—

-4 —& 9 5
L5 9] (B) L _4]
2 2 i 2

1 3] D) L 2]

Let PID, ED, UFD denote the set of all
principal ideal domains Euclidean domains,
unique factorization domain respectively
then—

{A) UFD c ED c PID
(B) PID cEDc UFD
{C) ED c PID — UFD
(D) PID cUFD c ED

The Hermite interpolating polynomial for the
function fix) =x%hased on —1,0and 1 is—

(A)

(C)

(A) x*-2x% (B) 2x%—x?
(C) x*+2x* (D) 2x*+ x
The system of equations
Ix+2y = 45
2x+3y -z = 50
—-y+2z = -03

15 to be solved by successive over relaxation
method. The ortimal relaxation factor Wopts
rounded upto two decimal places 1s given
by—

(A) 123
(C) 156

(B) 0-78
(D 0-63

74.

5.

6.

T8.

In a matric space (x, d)—

(A) Every infinite set E has a limit point in E

(B) Every closed subset of a compact set is
compact

(C) Every closed and bounded set 1s compact

(D} Every subset of a compact set 1s closed

Let (x, d) be a complete matric space and f: x

— x satisfies d fix), iy} < o (x, v) for some o,

0<o<1 forall x, v, € x, then—

(A) fis bonnded function an x

(B} fneed not be continuous on x

(C) {f(x,))n=1 may not be a couchy sequence
even though {f(x,)}x=1 is a Cauchy
Sequence in x

(D) fiP)=P forsomeP € x.

Let A € ¢™*"and A", A" denote respectively

the transpose and conjugate transpose of A,
then—

(A) Rank (AA"A) =rank (A)

(B) Rank (A) = rank (A?)

(C) Rank (A)=rank (A'A)

(D) Rank (A?) — rank (A) = rank (A?) -
rank (A?)

. Consider 2 x 2 matrix, A = [ﬁ 3

if a4+d=1=ad - be, then A? equals—

(A) 0 (B) -1

{C)y 31 {D) None of these

The sequence {x,} of m X m matrices difined
by the iterations

Xpe1= 2%, — X, Ax,,n=0,1,2

when x; = I the identity mairix converges to

A~1, if and only if each eigen value A of A
satisfies—

(A) A%<
C) IA+1l<1

(By A-1l=1
{D'} None of the above

. Let P be a matrix of order m % n and QY be a

matrix of order n x p, n # p. if rank (P) = n
and rank ((}) = P, then rank (PQ} is—

(A)Y n (B) p
(C) mp D)yn+p

. Let P and () be square matrices such that PQ}

= L, the identity matrix. Then zero 1s an eigen
value of —

(A) Pbut notof Q
(C) bothP and Q

(B) Q but not of P
{D} Neither P nor (@
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B2

B3.

B4,

B3

&6,

B7.

Let W be the space spanned by f=sin x and g
= cos x, then for any real of 8, f; = sin (x + 8)
and g, = cos(x + 8)—

{A) are vectors in W

(B) are linearly independent

{C) donot form a basis for W

(D} Form a basis for W

Consider the basis $ = {v,, v,, v3} for R?
where vy =(1,1,1), w»=(1, 1, 0), vy =(1,0,0}
andlet T : R? — R2 be a linear transformation
such that

Tv, = (1,0, Tvy; = (2, - 1}, Tvy= (4, 3). Then
T(2,-3, 5)is—

(A) (-1.5) (B) (3, 4)

(C)y (0,0} (D} (9, 23)

Forﬂ-rzﬂ-::nﬂ]ematrix[o?s 8 —sj.nﬂ:|
sin@ cos@

{A) Has no real eigen value
(B) Is orthogonal

(C) Is symmetric

(D} Is skew symmetric

The eigen values of a 3 % 3 real matrix P are
1,—-2, 3. Then—

(A) P! :é{jl+2P_P2}

(B) P-! 51{51—211 +P?)

(C)y P! :EI{SI—ZP—PZ}

(D) P! =EI{SI+EP+P2}

Let T : ¢ — ¢" be a linear operator having n
distinct eigen values then—

{A) T is inversible

(B) T is inversible as well is digonalizable
(C) T is not diagonalizable

(D} T is diagonalizable

Let U be a 3 X 3 complex Hermitian matrix

which 1s unitary then the distinct eigen values
of U are—

(A) +i (B) 1+i

(C) =1 {D}%{lti}

The polynomial f(x) =x" + 5 is—
{A)Y Irreducible over C

BE.

91.

93.

Mathematics | 13G

{B)} Irreducible over B

(C} Irreduciable over (}

(D) Not irreducible over ()

where (Q denotes the field of rational number.
Let T be the matrix {(occurring in a typical

transportation blem} given by
1100
0011
1 010
a1 01
Then—

(A) Rank T =4 and T is unimodular
(B} Rank T =4 and T is not unimodular
(C) Rank T =3 and T is unimodular
(D) Rank T =3 and T is not unimodular

. Let A be an n X n complex matrix whose

characteristic polynomial 1s given by
flo=r+c,_ " 1+, + ¢ 1 + ¢, then
(A) det(A)=¢,_,

(B} det(A)=¢y

(€) det(A)=(-1)"e,_,

(D) det(A)y=1(-1y"¢p

. Let A be any n X n non singular complex

matrix and let B = (A)Y A, where (A) is the
conjugate transpose of A. If A is an eigen
value of B, then—

(A) Aisreal and A <0

(BY Aisrealand X <0

(Cy Aisreal and A =0

(D) Aisreal and A >0

Let T: ¢" — ¢" be a linear operator of rank
n — z then—

(A) Ois not an eigen value of T

(B) 0 must be an eigen value of T

(C) 1cannever be an eigen value of T

(D) 1 must be an eigen value of T

. The dimension of the vector space of all 3% 3

real symmetric matrices 15—

(A) 3 (B) 9

€) 6 (D) 4

Let A be a non zero upper trangular matrix
all of whose eigen values are (0, then I + A
is—

(A) Invertible
{C) Idempotent

(B) Singular
(D) Nilpotent
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96.
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98.

99,

100,
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The eigen values of a skew symmetric matrix
are—

(A} Negative

(B) Singular

{C)y Of absolute value 1

(D} Purely imaginary or zero

Which of the following Banach spaces is not
separable 7

(A) L1 [0, 1] (B) L=[0, 1]

(Cy L2 [0, 1] (D) CI0, 1]

For a subset A of a metric space, which of the
following implies the other three ?

{A)Y Ais closed

(B} A is bounded

(C) Closure of B is compact forevery BCc A
(D} A 1s compact

Let T be an arbitrary linear transformation
form R" which is not one-one, then—

{AY Rank T>0 {(BY Rank T=n

(Cy Rank T<n (DY Rank T=n-1
Let T be alinear transformation form R* — R?
defined by T(x, y,2) ={(x + ¥, y— 2. Then the
matrix of T with respect to the ordered bases
{(1, 1, 1), (1, - 1,00, (0, 1, )} and {(1, 1),

(1,0) is— )
20 1 0-11

W 1—1] ® 2 1 u]
2 1 0 2

€y |0 -1 Dy |-1 1
(11 10

Let the characteristics equations of a matrix
Mbe 2 -2 —-1=0, then—
{A)Y M-! does not exist
{B) M~! exist but cannot be determined from
the data
(C) M l=M+1
DyM'=M-1
1 0 -1
Consider the matrix M=(0 1 0
1 1-1
Sy be the set of 3 x 3 matrices N such that
MN = 0. Then the dimension of the real
vector Sy 1s equal to—
{A) O {B) 1
(Cy 2 (D) 3

and let

101.

102,

103.

104.

Choose the correct matching from A, B, C
and D for the transformation T,, T, and T,
(mappings from R? to R?) as defind in group
1 with the statements given in group 2.
Group 1

P. Tyix, vi=i{x, x,0)

Q. Talx, M =(x,x +y,¥)

R Tyx,vi=(x,x+1,v)

Group 2

1. Linear transformation of rank 2

2. Not a linear transformation

3. Linear transformation of rank 1

(A P-3,Q0-1,R-2
(ByP-1,Q-2,R-3
COP-30Q-2,R-1
YP-1.Q-3.R -

2
0
0
3

(A) MMT = I where M is the transpose of
M and I is the identify matrix

{BY Column vectors of M from an
orthogonal system of vectors

{C) Column vectors of M from an
orthonormal system of vectors

(D) (Mx, My) = (x, vy} for all x, y in B*
where (,} 15 the standard inner product
on R4,

1 1+i 2i 9
1-i 3 4 T-i
-2i 4 5 i
9 T+i -i 7
(A} M has a purely imaginary eigen values
(B} M 1s not diagonalizable
{C) M has eigen values which are neither
real nor purely imaginary
(D} M has only real eigen values
@ ab ac
ab b be
ac be o2
where a, b and ¢ are non-zero real numbers.
Then the matrix has—
{A) Three non-zero real eigen values
(B) Complex eigen values
(C) Two non-zero eigen value
(D} Only one non-zero eigen value

Let M= Then

Consider the matrix M =
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106.

107.

108.

109.

110.

111.

The minimal polynomial of

£ D e
o e R
o Y O O

oo o

js—

(A x-1PF (x-2)

(B) (x-1)(x-2)*

Cy (x-1}{x-2)

(D) (x -1y (x-2)*

The set of all x € R for which the vectors
(1, x, 0}, (0, x2, 1) and (0, 1, x} are linearly
independent in R* is—

(A) [reR:
(B {xeR:
(Cy (xeR:

x=0)
x#0)}
x#1}

(D} {xeR:x#-1)}

Consider the vector space R* and the maps f|
g : R? = R? defined by fix, v, 2} = (x, lyl, 2)
and glx, v, z)={x+ 1, v— 1, z). Then—

(A} Both fand g are linear

(B} Meither fnor g is linear

{C} g is linear but not f

(D} fis linear but not g.

1 3 3
0 4 5
o0 9
(A) M is diagonalizable but not M?

(B) M? is diagonalizable but not M

(C) Both M and M are diagonalizable

(D) Neither M nor M? is diagonalizable

Let M be a skew symmetric, orthogonal real
matrix, the only possible eigen values are—
(Ay -1,1 (BY —i,i

(C) 0 (D) 1,i

Let S and T be two linear operators on R?
defined by 5(x, v, 2) = (x, x4+ y,x-y-12)
Tix, v, 2)=(x+2z,y—z,x + ¥+ z). Then—
{A) Sis invertible but not T

(B} T is invertible but not 8

{C) Both § and T are invertible

{D} Meither S nor T is invertible

Let ¥V, W and X be three finite dimensional
vector spaces such that dim V = dim X.

LetM= Then—

112.

113.

114.

115.

116.
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Suppose :V—=>Wand T : W — X are two
linear maps such that to S : V —= X 15
mjective. Then—

{A) S and T are surjective

(B) S issurjective and T is injective

(C) S and T are injective

(D} S 1sinjective and T 1s surjective

If a square matrix of order 10 has exactly 4
distinct eigen values, then the degree of its
mimmal polynomial 15—

(A) Atleast 4 (B) At most 4

(C) Atleast6 (D) At most 6

Consider the matrix M =

o S L
I - ]
[ i B O
o T e

Then—

(A} M has no real eigen values

(B) All real eigen values of M are positive

(C) All real eigen values of M are negative

(D} M has both positive and negative real
elgen values

Consider the real inner product space p

[0,1] of all polynomials with the inner
1

product <f, g> = _L flx) g{x) dx. Let M =

span {1} the orthogonal projection of x* on
to M is—

@1 ®)

1 1
(C) 3 (D) 1

The matrix of T-! with respect to the basis

{l,xi.xz}is—_

1 11 1 -1 0
(AY(1 1 0O By (0 1 -1
L1 O 0] Lo o0 1
1 11 1 00
(Cy (0 11 Dy(-1 10
L0 O 1] L 0-11

The dimension of the eigen space of T~ !
corresponding to the eigen value 1 15—

(A) 4 (B) 3

c)y 2 {Dy 1
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Answers with Hints ®) ({_1)_(-;) 3 ({4)4_ (_11)
1. (B) 2.(B) 3.(C) 4.(A) 5(O p p p i
6. (A) 7.(A) B8.(B) 9.(A) 10.(B) - (u_x)
11 (A) 12.(C) 13.(C) 14.(D) 15 (B) p
16. (A) 17.(A) 18.(C) 19.(A) 20.(B) ({_x) (ﬁ_) ~ ( ﬁ)
21 (B) 22.(A) 2.(C) 24.(A) 5.8 o © v/ Py T %y
26. (A)  27.(B) 28.(A) 29.(A) 30.(A) B ~ E)
3L (A)  32.(B) 33.(A) 3.(A) 35.(A) = Hhd= ('“T
36. (B) 37.(C) 38.(A) 39.(B) 40.(A) . ({“_5_) o
41. (A) 42.(A) 43.(B) 44.(B) 45.(A) 7
46. (B) 47.(B) 43.(C) 49.(A) a+p=(L,2)+(-11)
50. (AYRank T = dim (range of I) = (0.3)
SR ({x+ﬁ) = Oy + 3y,
51. (A) Null space of Vi
T={a: Tao=0,ae V) = 3y=12
Ty = Y= gmdh:ﬂ
52. (A)Rangeof T = (B :TB, Be V] 3
= {0} < ¥y = (.2
53. (A)Rankof T = dim {range of T} = ({]1 %)
- g‘m (0) 60. (A) flx) = det (xI+ A)
54. (A)Nullity T = dim {null space of T} - {1] ? x_“]] ‘é‘
- dlm{v-}
55. (A) Rank T + nullity _ = UH 0 _1‘
T = dimV 0 1/7(1 0O
= RankT = dimV =/
CHEIBNG
56. (A) 0+ = +
p E’ p 61. (C) fix) = kI—Al
= =(¢) x=3 -1 -
= 2 x-2 1
" (%) -0 L TR
x=2 1 2 1
D- (-0 RREENS
57. B) (a+E) = % x x
® (arp) = (5)+ (G

(%) -0 |3 %3

= ([HE) = (E) g 63.{;}x3—5x2+3x_4
B

= a+p 64. (D) "." {0} is a linear dependent set

.. It cannot be a basis

= o=0
#® @) 6) - (=) e
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635.

66.
69,

70.

71.

T2,

(C) (x, y) and (- y, x) are orthogonal to each
other to standard inner product.
&Y - 0= —xvs yx=0
(=, %), iRy
{AY 67.{A) 68.(C)
(B) Let the equation be
"
Lagx=0,i=12,...... ,

Since the rank of A which is m * n matrix is
r, the pumber of solutions (linearly
independent}) 1s n — r.
This 1s because you are looking at the
annidilator of the subspace W generated by
{ag. ap, coov. s i)
F =170, ... , Mt vectors in B*, which is an r
dimensional vector space.

dim A(W) = dmB" —dim W=n-—r

.. fan ap
{D) The matrix is
)

s
Given (ﬂu ﬂlz)( 1) . ( l)
dy; an -1 -1
A dyjy—dpp = 1 “.{i}
and dpp—dn = —1 1]
and (ﬂu ﬂlz) (2 : (S)
gz dzz 17— \4
2a,+a;; = 8 L1}
and 2a;+axn = 4 1V
solving equations (1), (11}, (111} and (1v}
Weget ay = 3,
ap = 2,
an = 1,
an = 2

.. 13 2
:.Matﬂxls[l 2]

{C) Euclidean domain is a PID but the
converse is not true.

- ED < PID
PID and ED are unique factorisation domains

+ ED ¢ PID < UFD, UFD need not be PID
or ED.

(B) Since f (x) = x* we take the hermite
interpolating polynomial to be even function.

P(x) = ag +a;x* + a,x*
POy = A0,
P0) = f(0)

73.

74,
79.

Mathematics | 17G

P(1}) = f(l) and P'(1) = f(1) yield the
equations
ag=0a;+a,=1,2a, +4a,=6

Solving, we get
a, = -la,=2
P(x) = 2x* —x7
x 4.5
(A) Aly|l= 5
L-0-5
i 2 0
where, A=[2 3 -1
L0 -1 2
A=D+L+U
300
where, D=0 3 0
L0 0 2]
0 00
L=(|2 00
L0 -1 0
02 0
U=|00-1
L0 0 0l
H=_D!YL+U
0 —% 0
2 51
N 3 1 3
D) R
Characteristic equation 1s,
11
I_— =
A 113 0
’11
* = + =
soAh=0% T
11
= P(H) = 18

2
and J-F 1-p? = 123 (approx.)

(By 75.(D) 7T6.(Cy T7.(D} T8 {A)
(B) By a theorem which states “If A and B be
m X n and n X p matrices respectively, then
rank {AB) < min (rank A, rank B)",
We have rank(P) = n

rank (Q) = P
Since P in a m X n matrix with rankn, n<m
and (Qisn > p matrix withrank P. P n
rank (P} = min{n, p)=P
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&0,

Bl.
Bé.
91.
96.
98,

99.

100.

101

102,

| Mathematics

(D) It A =0 is an eigen value of P, then eigen
value of a is ;Tl,_ i.e., =0, It is not possible.
Hence neither P nor Q.

{D} 82.(D)y B3.(B) B4.{A) B85 (B}
(Cy B7.{(A) BB.(C) B9.(B) 90.{ID)
{B) 92.(By 93 (D) 9. (D 95 (C)
D 97.(D

Byfi=(L 1L1)fA6=(1,-1,00f=(0,1,0}
g1=(1,1),2,(1,0)

(a,b) = xg+vyg
x(1, 1) + y(1, 0)

= {(x+v,x+ 0y}
ibyly [ amax=bandy=a-s
(a,b) = bg,(a-b)g,
Tix,y,z) = (x+y,y—-2)
F(fi) = K1,1, 1)=(2,0)
= 0g +2g
E(fy) = K1,-1,0)=(0,-1)
= —&Hit+ g
F(f;}) = KO, 1,0 =(1, 1}
= g +0g
0-11
FF = |, | o
(DYGiven 321-i-1=10
= 1 = A2-)
= A= -1
= M- ! = M-1
(D}
1 0
. (AYP: T=1]110
00
= Rank = 1

Q: Tax,y) = (x,x+y.¥)

Linear transformation of rank 2.

(B) Let Ay and A, be two complex n-
vectors, then A, is said to be orthogonal to
AZ:- j-f{Alh AZ} =0

f.f. ALTAZ = ﬂ

HEI'E, Al =

o S

103.

104.
105.

106.

107.

a

a

—4

AT = [0,2,0,0]
a
a
© (AAY =02 0 0] =0

—4

Similarly

(AsAy) = (AsAy) =0
Thus column vectors from the orthogonal set
of system.
{D) Since M i1s Hermitian matrix, so it will
have only real eigen values.
(A)
(C) The monic polynomial of lowest degree
that arthilates a matrix A is called the

minimal polynomial of A.
1-4 0 0 0
1 1-4 0 0
Hee[A-M)| o 0 2.2 o
0 0 0 2-i
= (1-AP@2-Ar¢

~. Roots of the equation |A —AIl = 0 are
1,1, 2,3,

Each characteristic root of A is also a root of
minimal polynomial. If m(x) is the minimal
polynomial of A, then both (x — 1} and (x —2)
are factors of m(x).

{A} al{ls X, ﬂ} + ﬂz{ﬂs xzs 1} + ﬂi{,ﬂs ]-s x} =0
This is for linearly independence

on comparing, we get

a; =0 .1}
ax+a,x+a; =0 ...(ii)
axl+a; = 0 Rii1))

— ad+azx = 0

from equations (i), (ii), (iii)

a; = a, = ay = 0 for linear independent
This is true only for x= 0.

(C)Let f = apx+a)ly+asz

Here f are two functions one for y and other
for — y.

r
frr

a1 X+ a3V + 437

and dyX—asy +asil
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108.

109.

Now = apix+ 1)+ ay—1)+a;z
= @ X+ &y + a3z + (@) —az)
= fi+la —a)

i.e., gis linearbutnotf.

ry
|

1 3 3
(D) M=|0435
LO 0 9]
1 00
Then M =(3 40
L3 5 9]
S MM £l i
1 3 311 3 3
Now MI=|045|/0435
L0 0 9JL0 0 9
1 15 45
= (0 16 45
L0 0 51
MM £1
Hence neither M nor M is diagonalizable.
ay dx d3
(A) Let M= |b b b
Ley € o

But M is skew symmetric matrix

i.e. M =-M

a) dz 43 —d) —dz —d
= |by by by|=|-b —by b

c] €1 € L—¢; —€3 — ¢
On comparing, we get
ay=—a;=a;=10
a; = — by and 50 on

0 b -

Then M= | - 0 -3

=il - b], 0
But M is also orthogonal real matrix

ie. MM =1
blz‘l' Clz C1e blbj.
= [T ] ﬂzz + 622 31l
by b,y a,a;  ayt + byt
1 00
=(0 10
g 01
on comparing, we get
blz + flz 0 ]
M= 0 ay? + ¢’ amay
by b,y aya;  at + byl

110.

111

112,

113.

Mathematics | 19G

For eigen values
IM—-All = 0

A=-11L
(ay, by, ey),

b= (ax. b3, 02)
then S(e) = S(P)
= (a, ar+ by, ay —by —¢y)
= (ay,az+ by, ay —by—c3)

Hence,
{A) Let o =

:ﬂl:ﬂz,
aj+by = ay+by,
ay—by—e; = ay—by -3

=a=danb=b;, =02
Hence, S 15 one-one.
Therefore, S must be onto also and thus S is
invertible.
Similarly,

T(w) = T(B)
= (a)+2c;, b, —cp.ay + by +¢))

=(az+ 2c3. b3 — 3, a3+ by + ¢3)

=S aEds by b0 E 0
. T is not one-one.
Hence, T is not onto and thus T is not
invertible.
(] dmV = dim X
where V, W and X be three finite
dimensional vector spaces.

S: V= W,

T:-W—= X
such that ToS —V — X is one-one
Hence, 5 and T both are injective.
(A) A square matrix of order 10 has exactly

4 distinct eigen values, then the degree of its
minimal polynomials must be at least 4.

- 1 2 0
1 -4 1 0
0 0 2-A
On expanding
-4 1 0
=-A| 1 -4 2
0 2-a
I 1 0 1 -4 0
-1|2 -& 2Z|+2|2 1 2
0 2 -4 0 0-A
= At -9hr -2 +4
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114.
115.
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— M-AIl = 0

= At+931+2%-4 =0,

=+ M has no real eigen values.

(C)

(BYT (xp, X1 )= {xp, o+ X, X+ X +X2)
Let basis are (1,0,0) {(0,x,0) and (0,022}
Then T(1,0,0} (1,1, I}

T(0, x,0) = (0, x,x)
T(0, 0, x*) = (0,0, x%)
1 11
= T=|0 x x|,
L0 0 2
Tl = !{xl}=x3.
1 11
Atx=1, T=(0 11
L0 01
and Tl = 1.

116.

Cofactors of T

T=1Tp=0T;3=0

Ty=-1Tw=1Ty=0

Ty =0 Ty=—-1,T;3=0

+. adj T = Transpose of Co-factors matrix.
1 -1 0

=0 1-1
o 0 1
1 1 -1 0
HmceT'l=madjT= 0 1-1
o 0 1
1-4 -1 a
By IT-'-All=| 0 1-k -1
0 o 1-
= (1-&Y

Hence, dimension of eigen space of T-!is 3.
o0
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Complex Analysis

Complex Number—A complex number z is
an order pair (x. v) of real numbers x and y.

z = (yl=x+iy
Re z = x (Real part),
Im:z = y (imaginary part)

andfi2=—1,0ie i :\"—_liimaginar}r umnit )
fa) x+iv=a+ibe=x=agand v =5

(b) For =
It x =0, then z =iy (pure imaginary)
If v =10, then z = x (pure real)
Addition of complex numbers—

X4y

Let I = x4y
and T = Xz + ¥y then
14z = )4y 4+ o)

Multiplication of complex numbers—
217 = (XX — YY) + iy +2y)
Subtraction of complex numbers—
I =T = (xp—x)+ iy —w)

Division of complex numbers—

;= Hd=x4i
&2 .
XX+ YiYs
where X s
9= + W
V) + XV
j' = ¥ T % .;_"'r ;t{}
Xyt
Practical rule—
I X+ i

-

27 Xa+iva

x4+ i X3 — vy
= [2) al o 2
X3 — ¥y Xa+ V2

X+ iy

Complex Conjugate Number—

The complex conjugate of the number z = x +

iyisz =x—iy

(a) Re s x=_ |z +:_J

[ 13

(]
|
|

and Imz =

e
I

(b)) When 7 15 real. z = 2, then z:_;

(c) I+ = 1+
=& = &Iz
id) 1. = 1.5
Zy 21
<2 <z

Polar Form of Complex Numbers

Let {x. v) be the Co-ordinate in castesian co-
ordinate system and (r. B) be the co-ordinates in
polar co-ordinates, then

xr = rcosB, y=rsinf
z = x+iv=r(cos B +isin 8)
Here r=ld=va2+vw =Nz
{(absolute value/modulus of 7}
B = argz= Ean‘l('f]

—  « — &
Triangle inequality—
lzy + 23l £ Izl + |zl
Generalized triangle ineqguality—
12y +.22 4 oo + 2,
< lzyl 4 lzal + . 41z,
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Let 7y = rylcos 8+ isin8)
and Zy = Iy (cos 8, + isin B,)
thf:]], f_lzz — r'lrz
[cos (B + 8,) +i sin {8, + 6,)]
(a} lziz2l = Izyl Izl
I |Z|,|
b 1 =
(b) I3 |22|
4
(c) arg — = arg i) —arg .
Iz

De Moivre’s formula—(cos 8 + i sin 8)" =
cos nfl + i sin nB.

L1 i1
n‘“mmufz—\";:ﬂ':
( 8+2Knr . . E+2K1:)
cos— — +isin—

Some Elementary Functions
Single valued functions
= (x+ivy.ne N(z#0ifn<®)

—

Z el = & e¥=¢"(cosy+isiny),
period = 2mi
3. coshz = %{E"!'f""},
) | .
sinhz = S{ef—e 9
2
sin hz 1],
tanhz = mshz’Zi(K"-E)"
cosh z .
cothz = Sinhz,z#i(m
4 CosZ = %{e"f-l- =ity
sinr = l—{f‘t—ﬂ_k}
’ 2i
tanz = fng #* I';I+l i
1T szt 2
cotz = % 2 Kni
sin 2
cos iz = coshz siniz=isinhz
coshiz = cosgz, sinhiz=isinz

5. Multiple — Valued Functions—
logz = logld+iargz
= Inr+i(8+2nm)

Principal Branch :
logz = logr+i8, —m<B<n
6. a* = ¢"°82 3 non-integer
If a = La € B arational number,

then z9 18 g-valued.
If a € 8 then 7? is as valned

e.g, log2i = log|2il + i arg 2i
= log2 +i(§+2nn)
(2 = eilogli= p- W2+ +ilog2
= g-Wl-Inm
[cos (log 2) + i sin (log 2)]
Analytic functions

Differentiability—If G is an open set in €
and f: G = C.

Then fis differentiable at a point a € G, if
flig) = Jm ﬂ—w}_

o —i)

If f is differentiable at each point of G, then f
is differentiable on G and f: G — C.

Continuously differentiable—If f": G = €
is continuous analytic function (Holomorphic
function)}—

A function f : G = € is analytic if f is
continuously differentiable on G.

exist

Branch of logarithm—If G is an open
connected set in € and f: G — € is continuous
function such that

z = expf(z)
for all ze G, then fis a branch of logarithm.

Cauchy-Riemann equation—
It no= px, y)
and v = vix,v); then

Su _ By

dr ~ By

w_ v
A 5™ "k

Harmonic function—If p(x, v) and EZ*H +3 y2
={.

Harmonic Conjugate—Ifp : G - D is
harmonic and r: G — B such that f = B + iv
15 analytic in G, then v i1s the harmoinc conjugate
of u.
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Some Important Theorems

1.

i

10.

11

B 2}

If f: G — Cis differentiable at a pointa € G.
Then {15 confimious at 4.
If fand g are analytic on G and £ respectively
and suppose that f (G) C £, then gof is
analytic on G and.

(gofY (z) = g'(flzn f(ziforallze G.
If fand g analytic in G. Then fg and f + g are
also analytic.
If f and g are analytic in G and g does not
vanish in G, then f/, is analytic.

Iffizy= L ’ a, (z —a)" have radius of conver-

n=

gence R > 0, then
{a) Foreach K = 1 the series Enn{n 1.

=
(n — K+ la, (z—a)"* has radius of
convergence R.

(b) Forn20,a,= - f(n) (a).

If the series Eu a, (z — a)" has radius of
n=

convergence R=0. Then fiz)= £ a,(z—a)
n=10

is analytic in open boll B (a, R)

If G is open and connected and f: G — C is
differentiable with f(z) = O for all z £ G, then
[ 1s constant.

If G c € is open and connected and fis a
branch of log z on G, then the totality of
branches of log z are the functions f{z) + 2nki,
Ke I

If G and £ are open subsets of €. Suppose f:
(F) = € and g : Q — € are continuous
functions such that f (G) c Q an g {fiz)) =z
forall z € G. If g is differentiable and g'(z) #

0, fis differentiable and f' (z) = ' then

if g 1s analytic fis analytic too.

A branch of the logarithm function is analytic
and its derivative is 2~ .

If p and v are real valued function defined on
a region G and suppose that g and v have
continuous partial derivatives. Then f: G =
€ defined by f(2) = p(z) + iv () is analytic iff
p and v satisfies Cauchy-Riemann equations.
Suppose G is either the whole plane € or
some open disk. If p : G — E is harmonic
function. Then p has a harmonic conjugate.

1
g fizh)

Mathematics | 23G

The Conformal Mappings Theorem

1.

Let G be a region and f be an analytic
function on G with zeros, a,, a5, ...... a,. If ¥
is a closed rectifiable curve in G which does
not pass through any point a; and If y = 0,

then
1 [, .
Jmmﬂégmw

If Gis aregion, f is analytic function on G
with a3, ..., a; € G and v i5 a closed
rectifiable curve in G which does not pass
through any point a; and if y = 0 an fiz} = o,
then

1 TP & <

il f-a® = L, "0
If f is analytic in B{a, R) and let ot = fla). If
fiz) — o has a zero of order m at z = a, then
there is an £ >0 and & >0 such that |5 — ol <
d, then equation fiz) = y has exactly m simple
roots in Bla, ).
Conformal mapping theorem—Let G be a
region and suppose f 1s a non constant
analytic function on G. Then for any
conformal set U in G, f{U} is conformal.
If f: G — € is one analytic and f{G) = £2, then
f~1: £ = € is analytic andf~ ! (w) = [f{2)]-!
where w = fl2)
Goursat is theorem—ULet G be an conformal
set and f: G — € be differentiable function;
then fis analytic on G.

The Cauchy’s Integral Theorem and
Formula

1.

If y is a rectifiable curve and suppose ¢ is a
function defined and continuous on (y)}. For

eachm=1,LetF, (z)= _I- diw) (w — 2y "dw

for z¢ y. Then F, is analirtic on € — {v} and
F, (2} =mF, , | (z) for each m.

Cauchy’s integral formula (first version)—

Let G be an open subset of the plane and f: G
— € an analytic function. If y is a closed
rectifiable curve in G. Such that n(y, w) = 0
forall we € ... G,thenforae G- [v}.

N B 7

= 2 Z.
imid z—a

niy:a
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Cauchy's integral formula (second version)}—

Let G be an open subset of the plane and f: G
— € an analytic function. If y;,.......y,, are

closed rectifiable curves in G such that n{y;,
wh4 ... +n(y,,w=0foralwe €C =G
thenforae G —{y}

fla) = X n{y:a)
k=1

i
L‘ flz) i

k=1 2T wi—a
Cauchy’s theorem (First version)}—
If G 1s an open subset of the plane and f : G
— € an analytic function. If v, ..., v, are
closed rectifiable curves in G such that n(y,;
w4+ (v w) + +n(y,,: w)=0 for all w
e € =G, then

L]
E_I-fzﬂ
o

Let G be an open subset of the plane and f: G
— € an analytic function. If v; ...... v, are
closed rectifiable curves in G such that n(y,;
W)+ n(ys: W) + +n(y,,: w)=0 for all w
eC-G thenae G- {y}and K= L

Let G be an open set and f: G = € an
analytic function. If y is closed rectifiable
curve in G such that n(y; w) =0 for all

w € € —G, then fora € G — |y}

K fiz)
.fK:I{a}n'U"; ﬂ} = E F{Z_a}k+l dz

Morera’s Theorem—
Let G be an region and f : G — € be an

analytic function such that | f= 0 for every
T

T, a Triangular path in G; then f is analytic in
G.

Some Important Theorems

1.

If G is an open set which is a star shaped, if y,
1s the curve which is constantly equal to a
then every closed rectifiable curve in G is
homotopic to v,

Cauchy's theorem (Second version)—If f : G

— € is and analytic function and y is a closed
rectifiable curve in G such that y — 0,

Jr=0

then

Cauchy's theorem (Third version)}—If y, and
y, are two closed rectifiable curves in G and

Yo ~ ¥y, then _|- f= _[ f for every function f
Yo ¥

analytic on G.

If v is a closed rectifiable curve in G such that
y~0Othenn(y:w)=0forallwe € =G
Cauchy’s theorem (Fourth version}—If G is

simply connected then _[ f =0 for every
¥

closed rectifiable curve and every analytic
function f.

If G is simply connected and f: G — € is
anlytic in G then f has a primitive in G.

If G is simply connected and f: G = € an
analytic function in G such that f(z) # 0 for
any z € G, then there is an analytic function
2:G o Csuchthatf (z) =expg(z). 7, G
and £"0 = f{z,), we have glzy) = wy.

The Liouville’s theorem—If f is a bounded

entire function then f is constant.

Given f a bounded function
Ifizil < Mforallz e C.
By Cauchy's estimate theorem since f 1s

bounded and anal ytic we have,

¥ LnM
el 2=
M . : ;
=5 If' ()l = = since R is arbitrary,
we have
If ¢z}l = 0

- f{z) 1s constant.

The Maximum Modulus Principle

1.

Maximum modulus principle (First
version}—If f is analytic in a region G and a
e G with |f (@)l = |f (z)| for all z € G, then f
must be a constant function.

Maximum modulus principle (Second
version)}—If G is a bounded open set in € and

f is continuous function on G which is
analytic in G then max {|f (2| : z € G} = max
(If (2l : z € 8G}

Maximum modulus principle (Third
version)—If G is a region in € and f an
analytic function on G suppose M is a

constant such that 1M If (z)l < M far all a

I—a
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Bl

| ¥4

€ 8. G (8. G is the boundary of G in €} then

If iz} =M forall z € G.
Schwarz's lemma—If D = {z : [zl < 1} and
suppose fis analytic on D with
(a)Ifiz)l<iforze D
by fl)=0
Then |f(0) < 1 and |fiz)| < |z for all z in the
disk D. Moreover if : f{0) =1 or |fiz)l = |zl for
some 7 # (), then there is a constant C, Ic| = 1,
such that

fiw) = ewforwe D.
If lal < 1 then ¢, is a one-one map of D= {z:
Izl = 1) onto itself, the inverse of ¢, is ¢_,,.
Further more, ¢, maps 8D onto 8D, ¢ (a) = 0,
o, (0)=1—la? and &', (a) = (1 —laPy"
If f: D — D is one one analytic map of D
onto itself and suppose f{a) = 0, then there is
a complex number C with |/ = 1 such that f=
c,.
A function f: [a, ] — R is convex iff the set
A={{x:a<x<band f(x) < v} is convex.
A function f: [a, b] = R is convex iff for any
points xj......x, in [a, b] and real numbers 1,

"

...... 20 with £ 1e=1

i i
f( L ftxt) < L o fly)
k:l k =1
A set A c € is convex iff for any points
. R Z, € A and real numbers f; ...... f,
=0 with

N n

L f=1land ZzeA

k=1 k=1
A differentiable function f on [a, b] is convex
iff f is increasing.
If a < b and G is the vertical slrip {x+iy:a<

x < b}. Suppose f: G — € is continuous and
fis analytic in G. If M : [a, b] — D then M{x)
=sup [|[f(x+ iyl :—se<y <o} and |f(z)l < B
for all z € G, then log Mix) 15 a convex
function.

Hadamard’s three circle theorem—

If 0 <R} <R, < 2o and suppose fis analytic
onann {0; R, B,). If R, < r < R,, define M(r)
=max {|f(re® :0<0<2x}. ThenforR, < r,
ZrEm<k,

Mathematics | 25G

log s —log r
logM(r) < —22= 98T 1000\
og M) logr; —logr, og M(r,)
log r —logry
g2 log r, —log ny log M(r2)
13. Phragmen-Lindel of theorem—

If G is simply connected region and f is an
analytic function on G. Suppose there is an
analytic function ¢ : G — € which never
vanishes and is bounded on G. If M is a
constant and §..G = A U B such that

(a) foreveryae A lim sup |[f(z)l = M.

tr—a
(b) foreverybe Bandn>(0; z“_lﬂ sup |fiz)l
¢ (z)" =M, then |f(z)l <M forall z € G.
14. I a 2%311:] G={z:largzl < ;—a]. Suppose f
15 analytic on G and there 1s a constant M
such that 110 sup [f (z) < M for all w € 8G.

1w

If there are positive constant P and b < a such
that If )| < P exp (lz| b) for all z with |zl
sufficiently large then |fiz)l < M forall ze G.
Taylor and Laurent Series—

Taylor Series—A taylor series of a function

fiz)is

flz) = HEU a, (2 —zo)"
where a, = ﬁf{n}{zu}
n
. ek LZFREY
ar a, = zﬂi¢f{g_zn}n+ld§

with positive orientation around a simple
closed contour ¢ that contains 7, In 1ts interior and

fiz) 1s analytic on and everywhere inside ¢.
Taylor’s series with reminder R,—

moflk
fizy= £ M(z—zﬂ"ﬂl.d:}
k=0 !K
I ) f &)
where Rn{z} = i &r {g_z“'}n+[
(E—2)dt

Maclaurin series—A Taylor series with centre
=0

Laurent Series—If f{z) is analytical on two
co-centric circles ¢; and ¢, with centre z; and in
the annulus between them then f(z) can be
represented by the lanrent senies
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L

s g fr

E a,lz—zpi+ E —’I"—”
m=1 a=01{z2—12py)
= T

= —m

fiz)

N T TR
"'-.lr':t_tﬂj

Consisting of non-negative powers and
negative power (principle part). The coefficients
of this series are the integrals.

;g cad S
Ly = a"_ZTI:!' G (.E_'—:“}""'Idg

| i
and ¢, = b, =R di (€ — 2oy~ ! fE)IE

with positive orientation around any simple
closed contoure, that lies in the annulus and
encircles the inner circle.

Th.—The Laurent series of a given analytic
function in 15 annulus of convergence 1s unique.
However f(z) may have different laurent series in
two annuli with the same centre.

Residue theorem and applications for
evaluating real integrals—

Residue—It fiz) is analytic and have non
removable singularity at z = &,

Then f (z) has the laurent series representation

fiz) =

_E Cy '::- _:UJ"

The coethicient ¢_ | of L i5s called the
z—2p)

residue of fat 2. i.e. Eei fz)=e_,y

Cauchy’s Residue theorem—Let D be a
simple connected domain, and let ¢ be a simple
closed positively oriented contour that lies in D If
S 1s analytic inside ¢ and on c. except at the points
7, that lies inside ¢, then

o E iy TUREIS

"
J)tﬁ:]d: = 2mi xEL Resfiz)z=1z

om?\

C

Q_QJ

Residues at Singularities
I. I f(z)has a removable singulanty at z,, then

a,=0forn=1,2, ... and R £ () =0
2. Iff(z) has a ssmple pole at 2,
__F;q:ijﬂﬂ = :I]_;rr_!ﬂﬂﬂ (z—=zp)
3. Iffiz) has a pole of order 2 at z,

Res ;oo _ lim o . 5 00
:=:“_HJ = vy fz—zp)* fiz)
4. Iffiz) has a pole of order K at z,
Res ;o _ | lim
::ql.lr':-‘“] - K—I I—*IN

g1
I—'_K_li:—:nj"ff:]

5 Iff(z)and g (z) have an isolated singularity at
s then
Res a1 Bes poy o, Res | oo
= [(f+2) (2=, i iz tioy 8 (2

6. If fand g are analytic at z;,, f (zy) 20, 2 (z)
has simple zero, then

Res A v _ff:-ﬂj .
;=;<J|m;’;\.][£.]]_grt:ﬂ]

Some Solved Examples

Example 1. Let g — v = (x— v) (2% 4 4xy + v9)
and f{z)= [+ iv 15 an analytic function. Find f(z)
in terms of z.

Solution : Given

flz) = p+iv,
then if{z) = ip—vw
= (1+0)f(@)= p—v+i(g+v)
= U+ iv(Say)
since U= p-—v
= (x—y) (& + dxy +¥?)
i8] o or
= il
= C+dav+ i+ (x—y)
(2x + 4y)
= I +6xy-—3 =0,(x, ¥
" U _ du b

8 ~ By 8y
= —(x2+dxy +y2)
+{x—v)idy 4+ 2y)
= ' —Gxy— 3 =da(x, ¥)
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Since, (14 1) f(2)
_[ [01(z 0)— id2(z, 0)]dz + ¢
_[{322 —i3)dz+ ¢

_|-3{1 —Ddz + ¢
(1-N2 +¢

i

Il

Il

1-i s
1415t 1+i

= —jZ2+d
Example 2. Prove that if f: G — € is analytic
and a € G, then

f@= £ a(z-ar,

for lz— al <R where R =4 (a, 8G)

Solution : Since R = d{a, 8G) we have an
open ball centered at @ € (. such that B{a, R) C
G.

flz)

Il

If f 15 analytic in open ball B(a, R) then it can
be expressed as

fiD) = En a, (z—a)",
far |z — al < R where

o Lff{n} @.

Example 3. Evaluate the following integral
_Ltanzcizwhemf is the circle |2 =2
. _sing
Solution : The poles of f (z) = cos ¢ AT€ COS

z=0,ie z=(2n+ 1}72—:,:::0.1 A Tpe—

(R

amd —% only poles that are within the given circle.

s Resf(mf2) = lim dSL
19
;—sdez{cas 4]
= lim (ﬁ)z_l
f£\—8ln 2
T
Similarly

: sin z
lim ———

=-1
z—:-gi{cmz}

i

werl)

Hence. by residue theorem.

Mathematics | 27G

o5
et -2)

2Ami(—1-1)=—4mi.

_L flz)dz

Il

[}

Example 4. Prove that _I- d}—fis an invariant

az+ b
cr+d
where a, b, ¢, d satisfies ad —bec =1 and ds =

Vi + dy?)

with respect to the transformation 7 =

Solution : From
= gt b we have
T cz+d
i 2=t A1)
cz—a
Differentiating (1), we get
ad — be
dy = (cz—a)?

__ dz S -
=% dz = {—c‘z—a}z [ ad-be=1]
Andso, ds = V(d? +dy)

= Il b

= ldel= iz —aP

i

= lez—al A%
Also, 2y = z-2

_ b _b;P‘E

e

_ (ad—be) (z-2)

= lez — alt
———
] = lez — al®
[ad-bec=1,z=x+iy]
i O
vy lez—al?
S (2) given,
dao = Edﬁ
¥
ar ﬁ = J-dj
¥ ¥
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ov_
T Bx &
& ¥ (cos x — cosh v —sinh v)

Thus _I-df 15 mmvariant under the given

transformation.

= .2}
Example 5. Evaluate L i_za where ¢ repre- 2(cos x — cosh y)*
sents the circle |z —al=r. Subtructing (2) from (1), w&_s: get
Solution : Here for the circle lz—al = r (sin x — cos x)
7 = a+ re® (sinx +cos x)simhy + 1 —¢*
where 0 < 8<2n zﬁgz{sinx+msx —cosh v —sinh v)
dz = ire® J48 ax 2 (cos x—coshy)®
J- o Jm irel® 1 Adding (1) and (2}, we have
Hence 25 g =g nTBdﬂ:?ﬂi (sin x — cos x)cosh y—
k. (sinx+cosx)sinh y+ 1 + & ¥
Example 6. Evaluate the residue of % 2at {—sin x + cos x — cosh v — sinh v}
7 =ia. 2 {(cos x— cosh yy*
Solution : _ o 8w l-cosz
2 e = f = ﬁx+lﬁxq2{]—cusz}2
Hiwe Fy = 2+a (z+ia)(z—ia) [Putting x = z and y = 0]
z = ia is a simple pole of f(z) . e .1
Residue at 7z = iais lim (z —ia)fiz o wd &
z_”_a{ M(2) 2(1 —cos z) 451112%
. , z
= lim (z—ia)7—————
z—3ia {Z M}{z—ia}{z+m} = ich,‘ﬂ%
2 22 ___ﬂz_l!'a .
caaz+ia 2ia 2 Integrating, ;
Example 7. Evaluate the analytic function )= —Ecm§+c
fz) = p+ivif
cosy+sinxy —e ¥ . n
— Since = 0,
== 2 (cos x—coshy) f(z)
| b4
T o m
and j{i): 0 ﬂ 2C014+c,
1
Solution : where e=3
Bei gl cosx+sinxy —g ¥
2 (cos x —cos hy) f{zy = %(l—cut%)
. ou v

* Bx " Br
:{sh]x—casx}cush}r+l—e--'*‘sinx )
2 (cos x— sin hy)?
{cos x —coshy)e —¥ +

Example 8. Evaluate _I-fzz_%zr] dx where C

; . ; - 1
is the circle (i) | z| = 1, (ii) Izl =5

- %ﬁ_g_v = {caszf+sinx—e];f;gi.nhr Solution :
y Oy cos x —coshy o fio)dz 2741
Since, fl(z) = W+ ivisanalytic (i . _I-c a ol i dz and
%E . +% f(2) = 2-z+landa=1
% 3 Since f(z} is analytic within and on circle C :
and g = i

ox —Eygwes |zl=1anda =1lies on C.


http://easyengineering.net
http://easyengineering.net

E}r Cauchy's integral formula.
'& = fla)=1,

Zm

.I-ZZ z+1d = o

(ii) Here a = 1 lies out side the circle C : Izl =
f z+ 1.

yZ' 1

15 analytic everywhere within C.

J'zzz+

. By Cauchy’s theorem |-~ —dz=0

Example 9. Prove that the transformation

W —# maps the real axis in the z-plane into a

circle in the w-plane.
Solution : The given transformation
iz+ 2
dz+i
2 —iw
dw —i
The equation of the real axis in the plane is

= g =

z —z =0 substituting for z and Ethe transformation
equation 1s
f =S s P
WL dw i

or 8w + 20— diww +w — Bw + 2i —diww —w
=0

or Biww + T(w —w)—4i=0

or Bi (I + v+ 1div —4i=0

S |
2 e
or i +v2+4v 3 0
which is the equation of a circle in the

w-plane.
Example 10. £0 < |z — 1| <2, expand

Z
0= nes
Solution :
B )
__ 13
2z-1) 2(z-
Putting z— 1 = 1, we have 0 < |pl < 2 and
1 3
o) = —5 -+

T2t 2u-2)

Mathematics | 29G
__ L 3,
2u 4 2
_ 1 3
T Ipn 4
L L L
(1+2+22+23+ )
_o 1 a3 (|
A 4E 2)

_ f =8 [ped
T T2(z-1) 4 E(ET

Example 11. Evaluate _I-},z

the semicircle z= 2,0 <1< @

:2 dz, where v is

Solution :
Hf:]‘f: z=280<t<x
dr = Zields
T T
Henc -I- Z+2 = -I- MZE”JI
2 e
= Ei_l-n {1 + i gif i
= EEJ:{E‘“'I' l}df
it ®
- EE[ET‘I' :]
{ 0
it
< zf(‘?.——-l.-+n)
P
= 278 _ 2420
= —24+4din
Example 12. Prove that for
= -1
0<lzl <4, g z

4 _22_u=u4u+[

We have ﬂ-r:|z|-=:4=>|il-r:l

Solution : 4

S

- a-5)" -4
5 () e
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- 1 z 2

4" +_:ii + ;‘"3'+ "_r'i'+
ZJI—T

=il g+ 1-°

Example 13. Evaluate the integral

sin w2 + cos w22 ; :
_I-.: z—1)? {z—Z}dz’ where C is the circle

-]

|zl =3.

Soltuion :
_ sinmz +cos
Here J@ = " 172 ¢-2)
is analytic within the circle Izl = 3 except at the
polesz=1and z=2.
Since z =1 is a pole of order 2.

1| d
1 d—z{z—l}zﬂz -

= {i sin 22 + cos w2 ]
T Ldz z—2 iy

[{z—z}{zm o0 K22 — 2Rz 8in 1)

- Res. f(1)

i

— {sin T 72 4+ cos wz2)
(z—2)2
(—1y-2m)—(-1})=2m + 1

z=1

and  Resfi2) = lim [2-2)f(2)]
_ . sinmzt 4+ cosmzt |
T (z=13 ~
By residue theorem
Icﬁz}dz = 2mi [Res f{1) + Res f(2)]
= 2mi(2e+1+ 1)
= 4m(m + 1Y,
a1 1) o D02E o poigps
cos 2y + cos 2x
corresponding analytic function
flz) = p+iv
Solution :
Heie  fus __ sin2x
cos 2y + cos 2x
2 cos 2x (cosh 2y + cos 2x)
o _ . —sin2x(-2sin2x)
dx {cos 2y + cos Zx)?
242 cos 2x cos 2y
~ (cosh 2y + cos 2x)? =&xy)
- §j£= — 2 gin 2x sinh 2y

Sy  (cosh2y +cos 2x 82 (x.3)

The function f(z) is given by

f(2 = | g1z 0)—iga(z, O)ldz+ ¢

_ [l2+2cos2z .
|:{1+-.:-:Js22}2_:{}:|':fz+lf
Mz .

. l+c:u:|sizil”i

= |seclzdr+e

tan 7 + ¢

Example 15. Find the bilinear transformation
which maps the pomnts 7; = 2, zz =iand z3 = - 2,
mto the pomis wy = 1, w; = i and wy; = -1
respectively.

Solution : The bilinear transformation which
transforms z;, 23, 3 Tespectively into wy, wa, ws is
given by

(w—wy ) (wy —wy) - (z—z1) (22 —23)
{w) —wal{wy —w) B (n—m)my—1)

Substimtingz; =2, z, =i, 3 =-2, w; =1, w,

=i, wy3=—1 we have

W=D+  (=-D(+2
(1-D(-1-w)  (2-D(-2-2)
(w=1) (1 + P
T w+ D=+
___@=2@+ip
T {z+D2-D2+ D
o W=D2i _ @=2)3+4i)
(w+ 1).2 (z+2).5
w—l _ (z-2)(4-3i)
o w+l -~  5(z+2)
or 2w _ (2-2)(4-30) +5(z+2)

2 T 5(z+2)—(z-2)(4-3D)
33—z + 2(1 +3i)
(14 3i)z+ 603 —i)

2(1 + 3i)
3r+ (-1

{(1+3)
(655 =+e
32 4 2i

iz4+6

The required transformation.

Example 16. Let f (z) = i + iv is an analytic
e¥ —cosx +sinx

cosh y —cos x

ar W =

or W =

functionof z=x+ivand p—v =
find fiz), given
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3+
2

Solution :

Given f(z) = L+ iv,
thenif (z) = ip+v
Adding f(z) + if (z), we have

fla+if(z) = p-v+i{p+v)
= W—iv(say)
Smee U= p-v

& —cosx+siny
coshy—cosx
cosh v + sinh vy — cos x + sin x
cosh y—cosx
sinh v + sin x
cosh y—cosx
au (sinh v + sin x)sin x

= 1+

dx (cosh y — cos x)?
= gilx, ¥}
cos 7 (1 —cos 7} — sin’y
= SE{Z,G} = E,'—] —CDSLZ}}Z
cosz—1 -1

(1-coszP 1-cosz

. |
= — ., CcOosec” . I.

2 2
cosh v {cosh vy —cos x}
shd dU  —sinhy (sinhy + sin x)
& = {(coshy—cosxp?
= £&xY)
~ l-cosz 1
= 92(z,0} = (1-coszP 1-cosz
1 il
= —,cosec’ .

Since (1 + i} f(2)
- I[St (z,0)—ig; (z. O}dz+ ¢

—_I- —lcosecz—l —i'lcusecz—l +c
=172 &=ty 2 &

1 J' 21
—2{1+r} COSEC zzdz+c

{1 +f}mt%z+c.

1
= fiz Ir:|:|t§.z+L

1+
. Tl_
x 5 )=

Il

3-i
2
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[y ki b1
= &= d 2)_"“‘4
I—i 1 —i
=5 -1= 3
which givesr::%{l —i)
Hence f{z} = cm%z+é{l—i}.
Example 17. Find the bilinear transformation
which maps the points z = 1, i = — 1 onto the

pomts w=i0=—i
Hence find the image of |zl < 1.
Solution : Let the points 7; = 1, 2, =i, 25 =
— 1 and z; = z map onto the points w) = i, w, =10,
W3=—i3.lﬂ Wi= W.
Since the cross-ratio remains unchanged
under a bilinear transformation
LA=BE1-2) (-0 {i-w)
=D 1= T (f-w) (i)
w+i  (2+1}(1-§
w—i -1+
By Componendo, dividendo, we get
2w @+ D(-D+ (-1 {1+
2i T +DA-D-E-DA+i)

or

1+ iz
or W= —
1-iz
which is the required bilinear transformation
Since s
== M ew
” !_{ﬂ} = |Z|":l
1+w
ar E 1T —wl < |1+ w
or [1—-p—ivl < (14 p+ivl [7lil=1]
or (1-—pP+vV < (1+pF++*

which reduces to L > (.

Hence the interior of the circle x2 + v =1 in
the z-plane is maped onto the entire half of the w-
plane to the right of the imaginary axis.

Example 18. Prove that if wy, w,, wy, wy is
the images of the four distinct points 73, 23, 23, 44
in the plane under a bilinear transformation.

Then (wy, wa, w3, wy)=(Z, 22, 23.24)

Solution : Let the bilinear transformation be

w = T(2)
az+b

= —{M—bf?ﬁﬂ}

cz+d weld)
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Since wy, wa, w3, wy are the images of z;, 23,

23, 4 TESp. we have

_an+b
WE = CZ["‘d
_anp+bh
W2 = CZz‘l'd
ad —be)(z —z
oy = @00 —2)

(czy +d) (czy + d)
Similarly, we have
(ad —bc)(z —23)

W2TW3 T (2, +d) ez + d)

_ lad —be)(z3 —24)
WITWAE (2 +d) ez + )
oy = @50 =2

{(.'Z,q, + d} {CZ; + d}

(wy—wy) (ws—wy) (21 —2) (23 —2)
(wa—wy) (wy—wy) (B2 -2z —2)

= (W, Wa, W3, Wy) = (25, 224 23, 4

Example 19. Expan e+ i+ 4

(iylzl< 1, (i) 1 < |7 < 4.
Solution :
z—2){z+ 2
e 110+ 3633
= 1- S5z+ 8
(z+1)(z+4)
_ oga=ls =l
z+1 z44

(i) 1zl < 1, we have

F(z)

1
i
|
o~
=
|
]
+
"
|
.
+

1l

|

by

+
—_——

g

+
o | —
~

+

|

—

5 17 65

d{z—21{2+2}fm

I
ot
|
o~
it
+
a
et
I
|
——
—
+
b e [E
R

=-1-Sz—02-—9F—....

4 16
The required expansion.

64

1 1 1 z 1
=1-"|1+" |1+
7@ z z} ( 4
= 1-— 1_l+l2_l+
z 2 g
g.gt g
"[1"4"'4"43"' ]
g vpeds Rocl Lok
R A -
g0
E E ......

The required expansion.
Example 20. What are the residues of the

; cot Iz
function ————-7
(z—a)?

Solution :
cot T2 COs T2

Here: A& =, ST o

Poles of f(z) are given by (z —a)’ sin Tiz=0

so (z—a)* =0 = z = a is a pole of order two
andsinMz=0=TMz=nR = z=nwherene 1

z=n,{(n € I} are simple poles of f(z} if n is
finite z = o is the limit point of these poles so z =
o is the non-isolated essential singularity.

Residue at (7= a}js%f{ﬂ}

where f{z) = cot iz = — T cosec® Ta

: e |- 2
Residue at (z=n}1s s W,

{where g (z) = sin T}
COs Tz
(z—a)*
Kcotnzd, .,
I
T m-a)
Example 21. Show that both the transfor-

i 41 I+2z
mation w = =~ and w = — transform |w| < 1

into the lower half plane I{z) < (.

Solution :
I+
Here W = P
I—1I
-_ A |
=1 W :i
z4+i
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z4+iz—i

e

Z

o oww—1 = -
“HEai

(z+DEZ-D-(z-D{(z +D

(z—0)(z + i)
_ =2iz—z) A2
Tz T Iz —il

= " z—z=2iI{)
Taking w = ;4‘—;, we have
w= w-1

Hence for both the transformations w2 — 1
=0

ie,lwl<1givesI(z)<0

i.e., The boundary of the circle lwl = 1
corresponds to real axis in the z-plane and the
interior of the circle transforms into the lower half
z-plane.

Example 22. Prove that function fiz} = z",
where n 15 a posifive integer is an analytic
function.

Solution : We have

fimy =12
Now fiz) = lim 2 +AL) -2
Az s Az
= o (z+ A" 2"
= lim
Az 0 Az
z"+nz"“£'«z+%
nn-1)z" 2 {Az)?
- iim +..+A" -2
T Az—0 Az

(by Binomial theorem}

= lim (rz7""! +—11v.|1':1r1!—l}z"'2
Az =0 2

= nrt- !

which exists for all finite values of 7.

Hence f{z) is an analytic function.

Example 23. If A is real, a, b are complex
numbers such that lal > |bl, show that the bilinear
‘1%;+—"_b maps the inside of

a+ bz
the circle |7l = 1 on the inside of the circle |wl| = 1

transformation w = e

Mathematics | 33G

Solution : We have

aazth Az il

W;—l:e 1

a+ bz a+ bz
(az + b) (az + b)
—(a + bz) (a +bz)

{E + Ez} {a+ Ez}

(aa—bb)y —(zz— 1)

la+ bz
{lalP — 6Py {1zI2 — 1}

la + bzl?

If |z| < 1, then ww — 1 < 0, because |al > |bl.

Hence |z| < 1 corresponds to wl < 1. i.e., the
interiors of the two circles correspond.

Example 24. Show that the function e- 1/
has no singularities.

Solution : We have f{z) = - 1"

Zeros of f (z) are given by
e u 0
or 2=10

. z=0is a zero of order two
Since zeros have no limit point,

. There is no singularity of f(z).
Here the poles of f(z) are given by
e~ 12 = 0 which is not possible.

.. There exist no poles

Hence ¢~ = has no singularities.

Example 25. If w -—.(E)Z where ¢ > 0,
It+c

find the area of the z-plane of which the upper half
of the w-plane is the conformal representation.
Solution : Let w = + iv and z= x + iv, then
_ Mgl dont
B=aropepp 0
dey (X + 3y - %)
{(x+cP+y2)2
from (2} v < 0if
(1) y and x? + ¥* — ¢* are both positive, i.e., for
the points in the upper half z-plane and exterior of
the circle |zl = ¢, or
(ii) y and x* + y* — ¢* are both negative, i.e.,
for the points in the lower half z-plane and interior
of the circle |zl = ¢.

and Vo= I )
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Thus interior of the circle Izl = ¢ in the lower
half and its exterior in the upper half both
separately correspond to the upper half of the w-
plane.

Examples 26. Prove that the function
1= x* —3xy? is harmonic and find the correspon-
ding analytic function.

Solution : We have p = x* — 3ny?

Lo 303y
B _ g,
% = —&x_'}rmld%=—ﬁx.
Now % + % = 0, so that p satisfies

Laplace’s equation.

Also since first and second order partial
derivatives of 1 are continnous functions of x and
¥,

Thus p is a harmonic function.

Example 27. Prove that f(z) = sin x (cosh y)
+ i cos (sinh y) is continuous as well as analytic
every where.

Solution : Let p (x, y) = sin x (cosh y) and v
(x, ¥} = cos x (sinh y).

Here |t and v are both rational functions of x
and v, )L and v are both continuous every where.

Hence f(z) is continuous every where.

op _
Here = = cos x (cosh )

dv . .
and i — sin x (sinh y)

dv

3y~ cos x (cosh v).

du _ & dv_ S

8n ~ 8y 8x By
~. W and v satisfy Cauchy-Riemann equations.
Thus f(z) is analytic every where.

Example 28. Show that the function f(z} = xy
+ iy 15 everywhere continuous but 1s not analytic.

Solution : Let f{z) = p(x, v} + iv (x, v}
Then W{x,¥} = xy
and vi(x,y) =¥

Since | and v are polynomials in x and v,
therefore, they are continuous at each point.

Hence f (z) is every where continuous

Here %’i’:}r,
av
el
dv _
ﬁy_l
5w, o

and 5/ 108
Su b
Sy T

50 that Cauchy-Riemann equations are not
satisfied.

o . .
Sy sin x (sinh y) Hence f (z) is not analytic.
OBJECTIVE TYPE QUESTIONS
1 (1+D)0+(1-)°= (A) (ac + bd, ad + be)
(A) -1 (B) 1 (B) (ac — bd, ad + be)
(C)y 0 (D) 2 (C) (ac + bd, ad — be)
1 N3P (21 A3 (D) (ad + be, ac — bd)
2 Ifz=|-Z+i— | #|-i—=| .then—
2 12 2 2 4. Suppose a a'b and b’ are real numbers, then
(A) Re(d <0 (B) Re(2) =0 (@+ib) iy a1go be real mumber, if—
(C) Re(3)>0 (D) None of these (@'+ib)

3. The product of two complex numbers (a, b)
and (¢, d) is—

(A) ab—-ab' =0
(C) aa'—bb'=0

(B) ab'—a'b=0
(D) ab'—a'b=0
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10.

11.

12

13.

The conjugate of (1 + i)? is given by—
(A (1-077? (B) (1+iy!
(C) —2i (D) 2i

Which of the following is true for complex
number €C—

(A) o+ ip=y+id ifoe=yandB=5
(B) e+ ip>0+ip,ife>0andP<0
(C) Transitivity low holds in €

(D) Trichotomy low holds in €
Which of the following is false ?

(A) Re(z; + z5)=Re(z;) + Re (z3)
(B) Iz; + zal 2 |z + |25l

(C) Izyzal =zl |zl

D) 1 +z=01+2

(B} Iz) + z,1* + |z; —z,* = 2{Iz, I + Iz,*)

Hx=-2 —W."S_E,then the value of Zx* + 5x% +
72 4 41 is—

(A) 4+V3i (B) 4-V3i

(©) V3 +4i D) V3-4i

The real part of exp (exp i8) is—

(A) ¢ o8 (B) £°°8 sin(sin §)

(C) e <=8 cos(sin 8) (D) e<=® cos(cos B)

The correct polar form of the complex
number 1 —i 15—

(A) V2 emai (B) -

(C) V2 e-mii (D) emsi

Let ¢ be any complex numbers. Let for any

z= (X,}’}iﬂt‘,z-5= ) I]Jenz_is equal to—

(A) (0,0) (B) (1, O}
(Cy (0,1) (D} (1, 1}
The value of | €258 +isin® I'.

vale o cos B —isin @ 5=
(A) 1 (By 0

{C) cos 48 —isin48 (D) cos 80 + i sin 38
(sin 8 + i cos 8)°—

(A) sin 68 + i cos 60

(B) cos 68 —isin 68

(C) —cos68 + isin 68

(D} sin 68 —i cos 68

14.

15.

16.

17.

18.

19.
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If 1, w, w? are the cube roots of unity then
(x =y} (x —wy) (x — wly) is equal to—

(A) x—y (B) x*—»?

© 2-y (D) ¥+

The reciprocal a + ib is equal to—
1 ,
v
ib a
a+ib
a* B
a+ b at+ B
a bi

D) e e

(A)

(B}

(C)

arg (— 1 + ¥ 3i) equals—
b b
(A) 3 B) ¢

© = ) >F

The necessary condition that the points A, B,
C representing numbers z,;, z,, z; respectively
on the Argand plane be the vertices of an
equilateral tnangle in that—
1 1 1
= +
I—% L5 -5
i/ /A 1
-4 dr <o R 41 -+ T 4 St A
1 1 1
= +
Zj=da E—Z% gD
(D) None of these

If 1, w, w’ are the cube root of unity, then the
roots of (x — 1P + 8 =0 are—

(A)

(B)

(C)

{A) -1,-1,-1

(BY —1.1+2w,1 + 2%

{Cy 1, w, 2w

D) —1,1-2w, 1 -2w?

Complex form of ¥ 3 + 4i is—

(A) Y3+i (By 2—1i

(©) 2+i ) V3 -i

. If cube root of a + ib is x + iv, then H{x* — y?)

s

(A) 245 B+
x v a b

(C) ax+ by (D) ax— by
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23,

24,

25.

26.

27.

28.
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If w be an imaginary cube root of unity, then
(1 —w+ w?P + (1 + w-w?)p is equal to—
(A) 64 (B) 32

(C) 16 (D) 8

The complex nambers z; =1 + 2i, , =4 - 2§
and z;3 = 1 — 6i form the vertices of a—

(A) Right angled triangle

(B) Isosceles triangle

(C) Equilateral triangle

(D) Scalene triangle

If m and n are integers, then the value of the
complex number log; i 15 given by—

dm+ 1 dm il
dn+l
A i+ 1 (B) e 4n+
dm+ 1
(C) log T, (1
The amplitude of the complex number
1 + 3 3+ di is iven by
1-2i 1+ J\2—ai JREVNDY
(A) tan™'6 (B) tan™'9
3
(C) tan~!3 (D) tan™ !

2

The real part of the complex number (1 + i)
15—

(A) 22 cos (B) 2" cos 2F
4 2
nm
(C) 2" cosnn (D} 27" cos Y

Let 7, and z» are two complex numbers with o
and (b as their principal arguments such that
o + P> 7, then Arg(z;-z,)is given by—

(A) a+p (B) a+p-n

(C) x+p+m (D) e+ P-2m

The locus of the complex number satisfying
z—-1 _=m.

a1 T3
(A) Straight line {B} Circle
{C) Parabola (D} Hyperbola

If w is an imaginary cube root of umity,
x=a+b y=aw+bw?and z = aw? + bw,
then xyz equals—
(A) a+ b

(C) a*+ b*

(B) @ + b*
D) & +b°

29. Principal value of argument of (cos 1200° +
i sin 12007) is—
(A) 300° (B) 120°
(C) —150° (D) 180°
30. If z; and z, are complex numbers, then amp
(z1.22) 15 equal to—
(A) amp (z;)+ amp (z,)
(B) amp (z;)amp (z3)
(C) amp (z;)—amp (z)
amp {z1}
D
©) amp (z2)
31. The value of arg (z) + arg (z), (z # 0) is—
(A} O (By
T T
(C) 2 (D) 4
32. If z = x + iy, then the number of solutions of
the equation 72 =z is—
(A) One (B) Two
(C) Four (D) Infinite
4 + 3i . X,
33. If3_4f:x+ !}',ﬂ]ﬂl‘]}rls equal to—
(A) O (B) 1
7 4
(8} 3 (D) 3
34, If |z — 1| = 2, then the value of 27 — 7 — 7 is—
(A) 4 (B) 2
(Cy 1 (D) 3
35. The solution of the equation Izl —z = 1 + 2i
is—
. 3.
(AY 1-2i {E}Z—Ei
Sl BN
(C) 2+2! {D}Z—ZI
36. If Izl = |z — 1l, then—
1
(A) Re(z)=1 (B) Re(z}= 5
1
(C) Im(z) =1 (D) Im(z)= )
-5 -
37. ;| =1, then z=x+iylieon—
z+5i

{A)} The real axis
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38

39

40.

41.

42,

43,

(B) The straight line x =5
(C) The straight lime y =5
(D) A circle passing through origin

Ifzc-:ls{:l:a+i,2casu2:b+ictc,ﬂlen

1 . .
abc+abc...... will be given by—

(A) cos (2o + 205+ ... }
(BY 2cos{t; + Oy +......}
(Cy 2sin{0 + G +......)
(D) sin (200, + 204 ...... }

If ¢, P are the roots of the equation x* —2x + 4
=0, o" + p" is equal to—

(A) 2+ cos ("?“)
(B} 2" cos (n?‘r:)
(C) 2n+1 sm(’;—“)

(D) 2"sin (’E)
3
2z+1

If the imaginary partufﬁis—l then the
locus of a point representing z, is a—
(A) Circle (B) Straight line

(C) Parabola (D) None of these

For complex number z,
|z + 512 + |z — 5 = 75 represents—

{A) A circle (B) Anellipse
(C) A triangle (D} A straight line
If 8 is a positive acute angle, then real and

imaginary parts of cos—! (cos 8 + i sin 8)
m‘ﬂ_

(A) sin~! (V'sin 8)+i log {\' 1 + sin 8- Vsin 0}
(B) cos~! (N sin®)+ilog {\ 1 + cos® -V cos8)
(C) sinr ! (\cos @) +i log {1 +5in 0—cos )
{D) None of these

If (1 + i tan o)! + =™ P has only real values,
one of them is given by—

(A) (sec py=c'e (B) (sec ouy=ch

(C) (sec oP=*P (D) None of these

45.

48.

49,
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. If vy and y; are two rectifiable curves in G and

¥p and y, are fixed-end-point homotopic, then
for any analytic function fin G—

@ [y r-fr=0 ® [ o], =0
(©) -["n le f=0 (D) None of these

If G is simply connected, then for every curve

ye G, _I-_., f=0—

(A) For every function f

(B) For every non-analytic function f
(C) For every analytic function f

{D} None of these

If G is simply connected, then _I-_., f=10for—

{A) Every rectifiable curve

(B) Every closed rectifiable curve v
(C) Every function f

{D} None of these

. If f and g are continuous functions on [a, b]

and v and ¢ are the function of bounded
variation on [a, b], then—

L3 b
_a{f+g}dy=Lfdy
[
_a{f+g}ai}'=_|-:£dv

b b b
© _a{f+g}ffy=Lfdy=J-agcf}'
{D) None of these
If y piecewise smooth and f: [a, b] = € is
continuous, then—

L L
) fdy=) fy(od

Ya
[l

[l
1, fdy=] foy(nd

(A)

(B)

(A)

(B)

I I
© | fay=| @y
(D} None of these

If v is a rectifiable curve and fis continuous
function on |y}, then—

@ [r=-1r

®) [ far=—[_rar
(©) [ fdi= —L fdi
®) [ fdr=—[_far
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If v is a rectifiable curve and fis continuous
function on { v}, then if ¢ € €—

@) [ fade=],, fo-oxdz

¥+

®) [, A2z = [ flz— o)z

© [, foydz =] fierez

(D) None of these

If G is simply connected and f: G = € is
analytic in G, then—

(A} fhasa primitive in G

(B} fhas no primitive in G

{C) fisconstant in G

(D) None of these

If G is an open set then curve y is homologous
to zero if forallwe € — G—

(A) n(y:w)=0 (B) nly:w)=1

(€ n(y;w)=2 (D) nly iw)=4

If G is a region and f is non-constant analytic

function on G. Then open mapping theorem
states, for any open set U c G—

(A) F(U)isclosed (B) F(U)is open

(Cy Khy=U {D}) Mone of these

If G is an open set and f: G — C is differen-
tiable function, then—

(A} fisanalytic on G

(B} f1snon-analytic on G

(C) fisconstant on G

{D} None of these

If function fiz) has an isolated singularities at
z = a, then z = a has removable singularity
if—

(A lm (z —a)=10
I—a

®) Jim =0

(©) lim (z-a)fir)=0

{D} Mone of these

Series La, converges absolutely if—
(A) Ela,| converges (B) La, converges
(C) Lla,ldiverges (D) None of these

If f and g are analytic function, then—
(A) gis always analytic

(B} gis analytic when ever g(x) =0

38.

61.

63.

{C) ‘; is analytic whenever fix) =0

(D} None of these

A function f (z + ¢) = f(z), where ¢ is any
number, then fis—

(A) A periodic function

(B) Periodic function with period C

(C) Periodic function with period z

{D¥y None of these

. If G is open connected set in Cand /: G - €

is a continuous function. Then fis a branch of
logarithm if ze G—

(A) z=sinfiz) (B) z=cosfiz)
(C) z=expflz) (D) z=A2)
 Ew'=T,{7)= :—i : then T~ 1(z) is—
whx ek
(C} ﬁ {D} MNone of these

What is the radius of convergence for power

. 1
series fiz) =L A a3

P
(A) 1 (B) 2
(C) 0 (D) o
fn)= {;ii]:}z have the pole of order—
(A) 1 (B) 2
(C) 3 {D) O

If v is a rectifiable curve and fis a continuous
function on {v}, then—

@) [ Fodz< |, If ) i
®) [ fidz> |, K2l W

© [, fodz =, K2l i
{D} None of these

. G is open set in €, y is a closed rectifiable

path in G and f: G — € is a continuous
function, then—

@) [ fidz=0
© [, fondz <0

®) |, fadz>0
{D} None of these

. An analytic function is—

{A) Infinitely differentiable
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67.

68,

69,

70.

71.

72,

(B) Finitely differentiable
{C)y Mot differentiable
(D} Mone of these

If ¢ : [a.b] % [c.d] >C is a continuous

function and g : [¢, d] = € such that g(r) = _[:
&( s, )ds, then—

(A) gisnot a continuous function
(B) gisa continuous function

(C) gisan increasing function

(D) gisa decreasing function

If is a analytic and f" (z) # 0, then—
(A) fisnon-conformal mapping
(B) fisa conformal mapping

(C) fisa constant function

(D} Mone of these

az+
cz+d
functionl transformation is mobius transfor-
mation, if—
(AY ad—bec=0
{Cy ab—ecd =0

A mapping 5(z) = which 1s a linear

(BY ad —bc=10
{D) MNone of these
For any point z;, if 75, z3, z; are distinct points

and T is any mobius transformation then the
cross ratio (z;, 2, 23, 24 )15 equal to—

(A) (Tz), Tz, 23, 24)
{E} {TzlsTIE!-Tz}!- z.ﬂ.}
{C} {TZ[,TZZ,TZJ., Tzd-}
(D} Mone of these

If z; #7, # 73 # 74 in €. Then cross ratio
(2).25,73,24) is a real number if 7,,2,742, lies

on—
(A} Triangle (B} A parabola
(C) A crcle (D) Ahyperbola

The mobius transform takes—

{A) Circles in to line

(B} Circle into circle

(C) Circle into square

{D)} None of these

If z = a is an isolated singularity of fand f(z)
= L a,{z—a)"1s1ts Laurent expansion in ann

(@, 0,R). Thenifa,=0forn<-1, 7= ais—
(A) A pole of order m

73.

74.

5.

6.

8.
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(B) An essential singularity
(C) Aremovable singulanty
(D} None of these

If Gisaregion and f: G — € is continuous

function such that _I-_,, f =0 for every closed
path y in G. Then—

(A) fis analytic in G

{B) fis continuous in G

(C) fis non-analytic in G

(D} fis discontimnous in G

If the series En a, {z — a)® has radius of
n=

convergence R > 0, thenf (z) = nE—n a, (z—a)
is—

(A) Analytic in ball B (a; R)

(B) Amnalytic outside ball B(a; R}

(C) MNon-analytic in ball B(a; R)

(D} None of these

The following statement is false for complex
number z—

1 ~ i = =
{A) REE—E{Z+Z} {E}Imz—zi{z+z}

(C) Izl=1zl (D) I22l=z

If z = a is an isolated singularity of f, then ais
the pole of f. F—

(A) zlj_l}’:l Ifiz=0 (B) zlj—]ﬂ: izl =a
(C) lim |f(z)l=e (D) None of these
I—a

. If z =a is an isolated singularity of fand f (z)

= L a,(z —a)"1s1is Laurent expansion in ann
{a; 0; R). Then z=a
singularity, if—

(A) a,=0,n=-1 (B)a,#0,n=-1

C) a,=0,nz-1 (D)a,#0nz-1

If z = a is an isolated singularity of fand fiz)

15 a removable

= L aulz —a)'1s its Laurent expansion in

ann (a; 0, R). Then z= a is a pole of order m,
then—

(A a_,#0anda,=0forn<—(m+1)

(B) a_p,=0anda,#0forns—(m+1)
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(C) a_,=0anda,=0form=<—-—(m+1)

{Dy Mane of these

If z = a is an isolated singularity of f and fiz)

= X a,(z —a)" is its Laurent expansion in

ann {(a; 0, B). Then z =a 15 an essential

singularity if—

(A) a, # 0for all integers n

(B) a, =0 for all integers n

(C) a, #0 for infinitely many negative
integers n

(D) a, #0 for infinitely many positive
integers n

If z = a is an isolated singularity of f and f(z)

= X a,(z—a)"is 1ts Laurent expansion in ann

(a; 0, R). Also if a, # 0 for infinitely many
negative integers n, then—

(A} z=ais aremovable singularity

(B) z=ais apole of orderm

(C) z=ais aan essential singularity

{Dy Mone of these

If fhave an isolated singularity at z = a and
flzy = L a, (z—a)"is its Laurent expansion

about z = a. Then residue of fat 7= a is—
(Ay a_, (B) ay
(C) a_, (D) a,

If fhas a pole of order m at z = a and g(z) =
(z —a)™ fiz), then—

(A) Res (f;a)= gim—1)(a)
m_

(B) Res (f;a)=g"-1(a)

(©) Res (f; a) =—— (@)
m-—1

{D} None of these

If z = a is an isolated singularity of f and f(z)
= E a, {(z — a)" 1s 1ts Laurent expansion in
ar;::a’, 0.R). Alsoifa_,#0anda,= 0forn
={m + 1), then—

(A) z=aisaremovable singularity
(B) z=ais apoleof orderm

BE.

(C) z=ais aan essential singularity
{D} None of these

_z+2 _ —Z
T = -+3 and T,(7) = 41 then
TZTz{E} 15—
2
(A) z+2 (B) 2745
z+2
) 22__'_ 5 {D'} None of these
. The radius of convergence of the power series
n+l )
=L S m+3) T 5
(A) 1 (B) 2
(C) 3 (D) 4
Iffiz)= L - then at 7 = oo, f{z) have—
’ 1 + & !
(A) Pole

(B) Removable singularity
(C) Isolated singularity
(D) Non-isolated singularity

. A mapping S(z) is called linear transformation

i
(A) S(z) = ﬁ (B) S(z) =az
(©) S(2) = i:j (D) None of these

T 15 a circle through points z, 23, z4. The
points z, z° € €., are symmetric with respect
to T if—

(A) (2, 20.23.24) = (21,22,23.24)

(B) (Z',22.23.24) = (21.22.23. %)
(C) z5za=2.13
{DY} None of these

. ¥ (z;,2223) is an orientation of T, then right

side of I" with respect to (z;,2;,23) is—
(A) {z:Im (z,22,23) <0}

(B) {z:Im(zz,25.23) >0}

(C) {z:Re(zz),22.23)< U}

(D} None of these

. If (1, 0, oo} is the orientation of I, then the

Cross ratio—
(A) (z L0,eo)=1 (B) (z,1,0,0)=10
{C} {za 15 ﬂ:- 'DD-} = o {D} {Z:- 1: ﬂa Dﬂ}: z
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If fis an entire function, then—

(A} fhas a power series expression
(B) fhasnot a power series expression
{C} fisconstant

(D} Mone of these

If fis a bounded entire function, then—
(A} fisconstant

(B) fisequal to zero

(C) fisincreasing function

(D) fisdecreasing function

Ify:[0,1] > Cisa closed rectifiable curve

1 dz .
anda ¢ {y},thcnmf Yr_q 5
{A) Aninteger {B} Ratonal number

{C) Real number (D} Complex number
If v is a closed rectifiable curve in C, then for

a & {y}, the index of y with respect to point a
15—

T

{J"k}ﬂ{}'.ﬂ}—mf_}-zdz
e gy

B) n(y;a =5 |y (z-a) 'dz

LT

© n(y;@=5_ | adz

(D)} Mone of these

If G — € and G is open and connected. Also

if fis a branch of log z on G, then the totality
of branches of log z are the functions—

(A) f(2) (B) f{(z)+ 2nmi
{C} f{z)+ const. (D)} None of these

A branch of logarithm function is—
{A) Continuous function

(B) Differential function

(C) Analytic function

{D)y Mone of these

A derivative of branch of logarithm function
15—

1
(A) z (B) .

(€ O (D) None of these
The Cauchy—Riemann equation are if p =
pix, y)and v (x,¥)=v

S dv dp_ dv
(A) & =5y 8y~ ox

100.

101.

102,

103.

104.

105.

Mathematics | 41G

Fp_&p
(B} a2 " by
Fv_§p
© §e=52
{D) None of these

. A function P = p{x, ¥) is harmonic if—

{A) W have continuous second derivative
(B} W have continuous second derivative and
u Pu_
ax? 6y
p ¥
{C) 52 + 52 - 0
{D) None of these

If v and & are closed rectifiable curve having
same initial points, then forevera ¢ {y}—
(A) n(y;a)=-n(y;a)

B) n(y;a)=n(-y;a)
(C)yn(y:a)=-—n(-y:a)

{D) None of these

If v and ¢ are closed rectifiable curves
having same initial points, then for every a
¢ (y}v {o}—
(Aym(y+o.a)=n(y.a)

(B) m(y+c;a)=n(c;a)

(Cy m{y+a,a)y=n{y;a)y+ni{ag;a)

{D) None of these

If y, and y, are two closed rectifiable curves
in G and y; is homotopic to y,, then for
every analytic function fon G—

(A) _vnfi _vlf (B) .I-."bfz }'lf
© ], f+ _Ll f=0 (D) None of these

If v is a closed rectifiable curve in G and y in
homotopic to 0, then for all @e € — G—

(Ayn(yv:w)=1 (B n(y:w=2
C) ny;w)=0 D) n{y;w=3

oz +2 e E oo
If Ty = 243 and T,(z} = : , then

TZ_ lT[{Z}jS—
(A z+3 (B z+2
(C) z+6 (D) z-3

I +2 z
If Ty(z) = 243 and T,(z} = ; , then

T, T;(z) i1s equal to—
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106.

107.

108.

109,

110.

111.

112,

| Mathematics
3z+2 2
(A 4z + 2 (B} 2z+1
3z
(C) 42 (DY} None of these

. L .
If & 41 1S @ power series, its radius of

CONVergence 15—
(A) O
(Cy 1

(B) o=
(D) n

. n! .
For the power series En_"’ ™ the radius of

convergence 1s—

(A) e (By 1

{C}) oo {I¥y Zero

If (z,.2224) is an orientation of T, then left
side of T with respect to (z;,25,23) is—

(A) {z:Im (22,223 < 0}

(B) (z:Im (221,223 > 0}

(C) {z:Im(z.z,.2223) = 0}

{Dy Mone of these

If v:[a, b] — € is of bounded variation,
then and P, Q are partition of [a, b]. HPc Q
then—

(A v(y:Pi=v(y:Q)

(B viy: Q) sviy:P)

C) viy:P)=v(y:Q)

{Dy Mone of these

If y : [a, b] = € and P is any partition of [a, b].
Then variation of y, v (v} is equal to—

(A) inf {v(y;P)}

(B) sup {v(y;P)}

(C) max {v(y;P)}

(D) min {v (y; P)}

If v:[a, 5] - € and y is of bounded
variation then total variation v (y) 15—

A) v <), y@lds

®) v)2 ], by @t

© v =], by wlde
{D)} None of these

If v is a rectifiable curve in € and F,, and F
are continuous function on {y}. Alsoif F=p
—limF, on {y}, then—

113.

114.

115.

116.

117.

118.

119.

(A) Lleim_LF,, (B) LF:_LF,,

(©) _LF:EIim_LF,, (D) _I-_,,Fi_[,,F,,

If f: G — C is analytic and R = d (a, 8G)
thenforae Gand |z—al « R—

(A) f(z)=a,(z—a)

(B) f(z) =:En a, (z—ay
(C) f(z)=E(z—a)

{D) None of these

If f is analytic in a ball B(a ; R) and |f{z)| <
MY ae Ria;R) then—

@ @<t ®) @izt

(C) |f") (a)l=n!M (D) None of these
If fis analytic in a disk B(a ; R) and y is
closed rectifiable curve in B{a ; R). Then—

(A) _LF:(] (B) _I-},Fi(]

(©) LF:R

If series Xa, converges absolutely, then—
(A) E a, converges

(B) E a, does not converges

(C) Ea, diverges

{D) None of these

If f: G — € is differentiable at a point a €
G, then—

(A} fis discontinuous at a

(B} fis continuous at a

{C) fis constant at a

(D) None of these

If f is analytic function in some domain, then
in that domain—

(A} fis continuous only

(B) fis differentiable only

(C) fis continuous and differentiable both
{D} None of these

{D} MNone of these

L=

fizy= £ a, (z— a) have radius of conver-
gence ﬂfv:‘:.\-[J 0, then—

(A) Forn <0, a,,=$ﬁ‘“ {a)

(BY Forn=0,a,=0
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120.

121.

122,

123,

1.

(C) Fornz0,a, :j:r 1 (a)

(D} Mone of these

If f: G — € is differentiable with f (z) = 0
for all z € G and G is open and connected,
then—

(A} fis constant function
(B) fis increasing function
(C) fis decreasing function
(D} Mone of these
A path 1n same region 15—
{A) Continuous function
(B} Discontinuous function
(C) Differentiable function
(D) None of these
A path is said to be smooth path if—
{A) It is continuous function
{B) It is a continuous and differentiable
function
(C) Differentiable function
{D)} None of these
A path y is piecewise smooth in interval
[a, b]ifin a partition P of [a, b]—
{A) Ineach sub-interval yis continuous
(B) Ineach sub-interval y is smooth path
{C) Ineach sub-interval yis a path
(D} Mone of these
Answers with Hints

(©) (1 + D)1+ (1 )0
dhace R Ee
=2 (msf+ fsinf]n +25 (cus :—:—f sinl—: ]n

| (08 10 27)

+ msﬁ—isin@ ]
4 4
101
_ 5 1UT
=2 |:2cos 4 ]
:Zﬁcus(z—n):zﬁxﬂ:ﬂ

2. (A) z

O (1 +i)

Mathematics 43G

(c:u:vs—+ism—)j
o0
+ c053 —nv.m3
cusm+isinﬂn
3 3
400 . . 400w
4| cos —isin—
3 3
ur:q:vslil—:':+isu]ﬂt
3 3
+ c-:nsiﬂ r5m4ﬂ
3 3

4m T
2cos~-=—2cos
COS 3 CDS3

—-2xz=-1

1
2
s Re(z)<0

. (B}
. DY

a+ib a+ibxa’—fb’
a'+ib'  a'+ib’ a'-ib'

_ aa"+bb) +i(ah —ab)

3 (@) + (7
This number will be real, if its imaginary part
is zero
soab—ab'

0.
1+ 24 2i
= 1+(-1Y+2i=2i
- Conjugate of (1 + i)
= conjugate of 2i=—2i

. (A) Since the set of complex number does not

possess order relation. Hence (B}, (C}) and (D}
are wrong.

. (B) The relation |z; + z;| 2 |zj| + |z,/ is false.

The correct relation is |z, 4 2./ < 17| + |z,

. {B} Given that

x= —2-V3i
o x+2 = —V3i

W x+2)? = (—V3i
= X+d4x+4 = -3
= PX+dx+T7 =0
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10

11

12,

13.

| Mathematics

Dividing 2x* + 5x* + 7x? + 41 by x* +
we get 2x* + 5x% + Tx? + 41
=222 -3x+ 52 +4x+T)+x+6

= (2 —3x+5) (0)+(=2-V3) + 6
=43

(C) exp(exp i)

i

g Ems'ﬂ E:'sin'E

dx+ 7

g% — poos @ +isin @

= £ {cos (sin 6) + i sin

. Real (Exp (expi @)
= e™58 cps (sin B)
(C) Let
1—i = ricosB+isin®

rcos = 1,

rsm@ = —1
s cos’B 4+ PsinfB=1+1

=2

V2

rsinf
rcos®
s

ﬁ:_s.i

\E(casg—ising)

4 4
= V7o

(B} Given that
= (x,y)

= x+iy

4]

i.e.,

= x—1iy

(=
4
ta| b k2| ga
]
Fa

=
(D)
(ﬂ:ns B+ising

casﬂ—isinﬂ)a

= {cos 8 + i sin B8)*.(cos B —i sin B4
= (cos 8 + i sin 8)*.(cos 8 + i sin 8)*
= {cos 8 + i sin B)%

= pos B 8 + i sin B@.

(C) (sin 8 + i sin 8)°

oo ol

(sin 8)}

15.

16.
17.

18.

19,

T s oo T
=c055(2—ﬁ)+ismﬁ(2 ﬁ)

=—_cos 68 + isin 68

MO (x —y) (x—wy) (x —wly)

=x? —(1+w+wixly
+{1+w+wixy? —wh?
=x} — (¥ + O - ()y?

=x3 -y’ ["1+w+w' =0andw?=1]
{D}T]]f:rf:c1]3r0calﬂfﬂ+!blsa+fb
1 1 _a-ib
a+ib a+ib a—ib
_ a-ib
T at+ B
e ik
T at+ P a+ b

(<)
O Lletat=z;-23,Pp=m3—-25,Y=2, - I

then, a + P +y=0 (1)
Since ABC is an equilateral triangle.
S AB=BC=CA
= |-z =lg-—zlf=lg -5k
= oo = ﬁE:ﬁ:K [|Z|2:ZE]
From (1)

{_:+|_3+¥ =10

K K K

4o+ =0

o By

1 1 1

+ + =
2—33 H L1 T3— 32

1 1 1
ar, = +

1 — 22 i1 — 43
D) x-12+8=0
= {x—1}3 = -8
s r—1 {_S}lﬂ-
-2,-2w,— 2w?
—1,1—2w, 1 —2u2

or,

I3 — Iz

[}

Hence x
(C) Let
N34+4i = x+1i
3+4i = 22—y242ixy
xz—}'z 33]]1:]_}.’_‘}*:2
Solving these, we get
x =42, y=21

Il

Then

i
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20.

21,

22,

23,

24,

Thus, we have x=2, y=1lorx=-2,y=-1

V3+di=2+i

{A) Given that
(a+iby? = x+iy

= (a+ib) = (x+iyP
a+ib = (x* -3y +i3x%y -y
Comparing real and imaginary parts, we get
¥-3xy? =
Ay -y =
x(x?—3y%) =
y(3x* -y =

23y =

or,

ar,
Wy =

A-%+3d_y2 =

MR kR~ kR TR TR

or 4(x2 -y =

(BY (1 —w+w2P + (1+w-wl)y
= (—w—wpP +{—w —wp
= —32w% - 32w!V=—32w? — 2w
= -32(w+wl)=-32.(-1)
= 32
B)zy=(1,2),2,=(4-2), z3=(1,-6)
Here distance between z; and 7,
= distance between z; and z; =5
But distance between 7; and z; =8
Hence, z, z; and z; forms a isosceles triangle.
(D} We know that
log,a = 1
log;i 1

_|a 3 |f3+a
et i N2 -4

__(@-5)  [3+4i
T -2l +i) \2-4i
324
21 - 7i)

_ 3240 (147
= 20-7) " \1+7i
25+225i 1 9,

100 ~474

+
e

(B)

Mathematics | 45G

]
-

Amp z tan-! 9

i
|:"'.|2 cusl:+fsin—x:|
4 4
MTT . M
ni2 3 2 Bl
2 (ms4 +rsm4 )

. Real part of (1 +1)'=2"? cos'y’

25. (A) (1+1i)y

26. (D)
27. (B)Letz=x+iy
z-1  x-1)+iy
241 7 (x+1)+iy
x—1y+iy (x+ 1) —iy
(x+1)+iyv (x+ 1)—iy
P+ -+ 20y
T x+ 1P+
-1 | =
mg[;wl)_ 3
2y W
= i yo1 T3
oy _
= 2ay_1 - ma‘ﬁ
2
=2+ -——=y-1=0
V3
which is a circle.
28. (D) xz = (a+ b) (aw + bw')
(aw® + bw)

= [a’w + bW + ab(w + w?)] (aw® + bw)

= [a*w + b2w? —ab] (aw? + bw)

=a*w? + b3w?

=at+h} "N
29. (B)  30.(A)
3. (A)Let z =

= r =

wi=1]

X+ iy
x—1iy
s arg (7) + arg {E}

:'[,3_]]_"I

e
o

fet

= tan!

-

e T )
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32,

33.

34,

35.
36.

37.

| Mathematics
(C) 2=z
= (x+ivy = x—iy

= -y +2ixy = x—iy
Comparing real and imaginary parts of both

side, we get
-y =x (i)
2xy = -y o il)
Frmn{ij}_}rzﬂundx:_%

~ From (1), when y=0,x=+ 1, whenx = _?l,

N2
-2

}"-:

O D01 (%,%)m]d (‘—2' _‘%—3)

satisfy the eg.
(1) and (i1}
.. There are four solutions.
(A) I3 ety
o 443 = 3x+4dy +(3y—dx)i
2 3x+dy = 4 Lo
and 3y—dx = 3 Tl
Solving (i) and (ii}, we get
x=0,y=1
{D) Given that, [z— 1/ =2
lz—1R2 =

= ZE—E—E'F] =

4
z-DE-1)=4
4
3

=5 IZ—Z—-z =
(D}
(B)Sol. Izl = lz—1
e+ iyl = Il(x—1)+ivl

= xX+y=(a-17+y
= 2x =1
=4 x = l

2
= Realof:z = .

2

z—5i

) e
== lz—5il = |z + 5i

= x+(-5i = lx+{y+5i

il

38.

39.

= 22+ {y-57 = 2+(y+57
= ¥y = 0
(B) Zcosgy = ﬂ+c]_1
= a?-Zacosa;+1 =0
2cos oy =4 costoy —4
=1 a = 5

= C0os O +isin o

1

b

b = cos O +isin ¢ etc.

1
abc ... + e

= (Ccos 0y + § s5in O} (COS Oy + § 51N )
1
* (cos 0y + i 5in 0y ) (COS 0 + i SinCLy)
={cos (o4 + O+ ...} +isin (0 + 6+ ...}
1
F oS (Ol + O, +...) + isin (0l + 0+ ..)
={cos {0 + G+ ... )+ i5In (0 + 0 +...)}
+ {cos (o + Oy + ...} — i (sin {0 + O +...)
=2 cos {0+ 0 +...}
(A) 2-2x+4 = 0

Similarly from2 cos 0z = b +

;;;;;;

= X =

T .. W
Let o = 2(m53+151n3)

[}

MIT ., . HE
L1 e St
2 |:(m53 +i5]]]3 )
+ cos"—m—ism"—ﬂ ]
3 3
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40. (B) z = x+iy
+2;:+l _ x+ 1+ 2y
“iz+l T i(x+in+1
_ (2x+ 1) +2iy
T o —y+D+ix
C (2x+ D42y (—y+ D—ix
T o (—y+D+ix T(—y+ D +ix

o (2x—y+ D i (2 + 2+ x - 2y)

(—y+ 1P+

Given that Im [M ): _2

iz+1
—(2x1+ 2 + ;f—Z_',-,r}_'_2
2+y-2y+1
= x + 2y=12, whichis a straight line.

41. (A) lz+5” +1z-52 = 75
=x+5)+iyP+lx—5+iv> = 75
= 22 +2y2 = 25

which is a circle.
42, (D) Letcos ! (cos B+ isin@)=x +iy
or cosB+isin®
= cos{x+iyv)
= 0§ X.CO5 iy — sin x sin yi
= cos xcosh vy —sinx sinh y

Equating real and imaginary parts on both

sides, we get
cos @ = cosxcoshy
sin@ = —sin xsinhy
From (i} and (i1}, we get
2 rory
5255_23‘:,1% = cosh’y —sinh’y =1
or, cos28 sin?x — sin?8 cos?x = cos?x sinx
or, cos2@ sin?x —sin?8 (1 — sin?x)

= (1 —sin’x)sin’x

or, sin’x + sin®x (cos2@ + sin?8— 1) —sinf8 =0

or, sin*x —sin2@ =

or, sinx = sin @,

or sinx = Vsin@

or, x = sin- ! Vsin @
From (ii} sin® = —sinx sinhy
or, sinhy = —Vsin@

ar, » = Ei]]]] [— 'IIEiII 'H']

)
(i)

log, [~ Vsin 8 + V{sin 8 + 1)]

43.
48.
53.
58.

61.

63.
68.
73.
78.
83,

Mathematics | 47G

Hence, cos~ ! (cos 8 + i sin@)
= x+iy
-1

= sin sin 8) + i log,

[~ Vsin 8 + Vsin @ + 1]

(B) 44.(A) 45.(C) 46.(B) 47.(C)
{A) 49 (B)y 50.{(A) 51.{(A) 52.{A)
(B) 54.(A) 55.(C) S56.(A) 57.(B)
(B} 59.(C)
I+2
. (B)Here w = S
2 - 3w
= z =
w—1
E _ 2-3w
T, Yw) = S
(A)Here a, = H—L
S - 1
lﬂ.ll-l-'f - {n_'_ l}n
-. Radius of convergence,
R = lim -2
n—ve dly g
lim @+
- H —es .l‘ln -
.. 8mng
- (C)Let  f(z2) = P
Then singularities of f(z) are given by
{z—mE = 0
= z=m is a pole of order two of f(z).
(A) 64.(A) 65.(A) 66.(B) 67.(B)
(A)  69.(C) 70.(C) 71.(B) 72.(C)
(A) 74.(A) T75.(D) 76.(C) 77.(A)
{Ay T79.(Cy BO.(C) Bl.(A) B2.(A)
(B}
2
(O TI@ =T, (i—:;)
742
__z+3  z+1
I+2 1 2245
z+3
n+1
RS 0 S e e D)
n+2
and  Gne1 = N e d)
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.. The radius of convergence, -
105. (A T,T =T,|——F
R _ ]j]n ﬂn { } 2 [{I} 1 Z+1
n—rem iy g z
~ n+l  (n+3)(n+4) a1 Y2 3,40
nose(M+2)(n+3)  (n+2) = 3:4“3
m+1)in+4d) z+1+
= 2}2 =1
n—se (n4 106. (B) We have
1 —et
86. (D) Here f(z) = _ 4 =1
{ ﬂ 1 4 e dy = n! aﬂ+l_{n+l}!
Poles of f{z) are obtained by equating to zero a
the denominator of f{z). i.e. R = lim —*
ey,
14+ =10 N
= Er—— _12321':!1:41&' = lmm {J%"}_
j n—ye ni
L = (2n+ lmi, = lim (n+1)=e0
where n is any integer N
Hence z = (2n + )T (n € I) are the simple 107 (A) We have
poles of fiz). n! (n+ 1}!
. ‘ A By = nne17 +1
Obviously z = == is a limit point of these poles n (n+1)
.+ z=wee 15 anon-1solated essential singularity. R = lim ay
87. (C) 88.(B) 89.(B) 90.(D) 91.(A) e Gy )
92. (A) 93.(A) 9%4.(B) 95.(B) 96.(C) IS VA
97. (B) 98.(A) 99.(B) 100.(C) 10l (C) n—o= " (n+1)!
102. (B) 103.(C) 1
= lim 1+; =e
104. (B)  T,Ty(2) = Tz‘l(ﬁ)
Z+3 108. (A) 109.(A) 110.(B) 111.(C) 112.(A)
z+2 113. (B) 114. (A) 115.(A) 116.(A) 117.(B)
+3
= ;T=z+2 118. (C) 119.(C) 120.(A) 121.(A) 122.(B)
z+3 1 123. (B)
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Real Analysis

Sequences

Sequence is a function whose domain is the
set of positive integers.

ie., (g},

or i,

n
e.g., @) {i}m_l—

(b} Let P,, be the nth Prime number
(B)°_, = (2.3.5,...)

Convergence of Sequence—A sequence
{ @, }n =1 converges to a real number A iff for each
€ = (, there 1s a positive integer N, such that for
all n = N, we have la, — Al < e.

Neighbourhood—A set N, of real numbers is
a neighbourhood of real number x iff, N, contains
an interval of positive length centered at x, i.e., iff
thereis e>0:{(x—g,x+€) N,

a{n),

[
=
L
b

|
e,

—
b-:i_ll—l
bt | e
| —
LT

Convergent and divergent sequence— A
sequence {a, ] _, is convergent iff there is a real

number. A such that {a,]"_, converges to A. If
{a,} _, is not convergent it is Divergent sequence.
Cauchy Sequence—A sequence {g,} _, is

Cauchy iff for each € > 0, there i
integer N : if m, n = N, then aﬂ—amr

a positive
< E.

Limit of a Sequence—If a sequence is
convergent the unique number to which it
converges is the limit of the sequence.

Accumulation Point—For a set S of real
numbers, a real number A 1san accumulation point
of S iff every neighbourhood of A contains
infinitely many points of 5.

Subsequence—Let {a, ;" be a sequence and
{m}] be any sequence of positive integer such
that n; < n, <nj < ... the sequence {a,,}_, is

called a subsequence of {a,}~_,.

Increasing sequence—Sequence {a,}_ is
increasing, ift b, = b, , | for all n.

Monotone Sequence—Sequence that is either
Imncreasing or decreasing.

Bounded above sequence—Sequence
{a,}~_, is bounded above, iff there exist a real
number N : a, < N for all n.

Bounded below sequence—Sequence

{@,}n =1 is bounded below iff there exist a real
number M : a, = M for all n.

Bounded Sequence—Sequence {a,}_, is
bounded, if it is bounded both from above and
below < the exist a real number 5 : la,| = S for
all n.

Series
Infinite series—An infinite series is a pair

{tad7_ (807} where (ay_, is a

sequence of real numbers and S, = } a, for all
k=1

n, a, is the nth term of the series and 5, is the nth

partial sum of the series.

(-]

Convergence of Series—If L a,converges,
n=1

then {5, }”_, converges.

Converges absolutely—An infiniteseries L
n=1

a, converges absolutely iff L la,| converges.
n=1

Converges Conditionally—If El a, conver-
ges, but £ 1 la,| diverges.

Cauchy’s Product—ILet £ a, and £ b,
n =M w=IM

are two infinite series and for each n define ¢, =
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L =]

L a,b,_, The infinite series L ¢, is called the
k=0 n=0

Cauchy's product of two series £ a,and £ b,.
n=1 n=1H
Rearrangement of Series—Let Eu a, be an
n =
infinite series. If T is one-one function from {0, 1,
2, ...} onto {0, 1, 2, ...), then the infinite series

En aT,, is called a rearrangement of

"=

L a,

n=1
Interval of Convergence—If £ a,x" is a
n =10

power series, then the set of points at which series

converges 1s either.

(1) B, a set of all real numbers {— o=, ==}, (Interval
of infinite radius)

{2} [0}, (Interval of zero radius)

(3) An interval of positive finite length centered
at zero which may contain all, none or one of
1ts end points.

These intervals are called interval of conver-
gence.

Radius of Convergence—If £ a,x" has an
n=0

interval of convergence ¢ which is different from
R and {0}, then there is a unique real number
r such that, (— r, v} C c [- r, #]. This pumber ris
called the radius of convergence of the power
SETIES.

Uniform Convergence—A sequence (f,}~_,
of functions is said to converge uniformly on E if
there is a function f : E — R such that for each
€5y, there 15 N such that for each positive integer
n,n = N implies that | £,(x) — fix)| <e for all
xe E.

Power Series—Let {a,]”_ be a sequene of

real number. For each real number, x, a series E
n=1

,x" IS pOWEr Series.

Maxima and Minima

{1} Maximmm value—A continuous function
fix) is said to have a maximum value for x = a, if
fla) is greater than any other value of f{x) lying in
small neighbourhood of x = a.

In other words, fla) is a maximum value of
ftx),iffix} is increasing in {a— h, a) and decreasing
in (a, @ + h) where i is a small quantity.

{2} Minimum value—A continuous function
fix}) is said to have a minimum value at x = a, if
fla) is smallest of all fix) lying in small
neighbourhood of x=a.

In other words, fla) is minimum value of f(x},
if f(x) is decreasing in (@ —h, a) and increasing in
(a, a + h), where h is a small quantity.

(3} Conditions for Maxima—The function
fix) has a maximum value fla) if f{a) =0 and f(x)
changes sign from positive to negative as x passes
through a from left to right.

In general, for any even number n.

flay=f"(a)=f"(a)=...=f""Ya)=0and
f“(a) <0, then f{a) is a maximum value of f{x).

In particular, if n = 2 then f(a) =0, f{a) <0,
then the function is maximum at x = a.

{4} Conditions for Minima—The f